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Quantum computers have the potential to perform computational tasks beyond the reach of
classical machines. A prominent example is Shor’s algorithm for integer factorization and dis-
crete logarithms, which is of both fundamental importance and practical relevance to cryptography.
However, due to the high overhead of quantum error correction, optimized resource estimates for
cryptographically relevant instances of Shor’s algorithm require millions of physical qubits. Here, by
leveraging advances in high-rate quantum error-correcting codes, efficient logical instruction sets,
and circuit design, we show that Shor’s algorithm can be executed at cryptographically relevant
scales with as few as (@@ reconfigurable atomic qubits. Increasing the number of physical qubits
improves time efficiency by enabling greater parallelism; under plausible assumptions, the runtime
for discrete logarithms on the P-256 elliptic curve could be just a few days for a system with 26,000
physical qubits, while the runtime for factoring RSA—-2048 integers is one to two orders of magnitude
longer. Recent neutral-atom experiments have demonstrated universal fault-tolerant operations be-
low the error-correction threshold, computation on arrays of hundreds of qubits, and trapping arrays
with more than 6,000 highly coherent qubits. Although substantial engineering challenges remain,
our theoretical analysis indicates that an appropriately designed neutral-atom architecture could
support quantum computation at cryptographically relevant scales. More broadly, these results
highlight the capability of neutral atoms for fault-tolerant quantum computing with wide-ranging

scientific and technological applications.

Quantum computers are believed to be capable of solv-
ing certain problems that are intractable for classical ma-
chines [1, 2]. A prominent example is Shor’s algorithm,
which provides superpolynomial speedups over known
classical algorithms for integer factorization and discrete
logarithms [3, 4], problems that underpin widely used
public-key cryptographic systems [5, 6]. Discovered in
1994, this result provided the first evidence that quan-
tum computers could outperform classical computation
for problems of both fundamental and practical impor-
tance.

The feasibility of large-scale quantum computation was
initially questioned due to the fragility of quantum states,
but this concern was addressed by pioneering work on
quantum error correction in 1995 and 1996 [7-13], which
showed that reliable quantum computation is possible
provided physical error rates remain below a thresh-
old value. These developments established the theoret-
ical foundations for fault-tolerant quantum computers
(FTQCs) capable of executing arbitrarily deep quantum
circuits. Shor’s algorithm has since served as a flagship
benchmark for large-scale quantum computation. Apart
from applications to cryptanalysis, FTQCs are expected
to enable wide-ranging applications across physics, mate-
rials science, quantum chemistry, machine learning, and
beyond [14-17].

Despite these theoretical advances, realizing a utility-
scale FTQC remains a major challenge. Current re-
source estimates for large-scale quantum computations—
including cryptographically relevant instances of Shor’s

algorithm—typically require on the order of millions of
physical qubits [18]. This scale is driven by the large
overhead of quantum error correction, which often ne-
cessitates hundreds of physical qubits to encode a single
logical qubit [19]. In contrast, today’s most advanced
quantum processors are limited to at most a few hun-
dred physical qubits. Closing this gap between algorith-
mic requirements and experimentally accessible hardware
is therefore a central obstacle in quantum computing.

The past several decades have seen broad experimen-
tal efforts to develop FTQCs across a variety of physical
platforms [20-26]. Neutral-atom quantum computers [27]
in particular are rapidly emerging as a promising can-
didate for realizing a FTQC. The first digital quantum
circuits were realized in 2022 [28, 29], leveraging parallel
reconfigurability of atomic qubits, and shortly thereafter,
error-corrected quantum algorithms were performed us-
ing up to hundreds of qubits [23, 25, 26, 30]. Despite this
rapid progress, today’s devices lag far behind the pre-
dicted requirements for practically useful quantum com-
puters. Moreover, the comparatively slow clock speeds
of neutral-atom systems are thought to potentially limit
the practical implementation of deep circuits required for
utility-scale processing.

Here we propose and analyze architectures for FTQCs
based on reconfigurable neutral-atom systems. Our
scheme is based on high-rate error-correcting codes [38—
44], which utilize nonlocal connectivity across a code
block to protect many logical qubits with minimal over-
head. By improving constructions for high-rate codes


https://arxiv.org/abs/2603.28627v1

660 pm

(Clifford)

Resource

Reservoir + reloading

b
1094 ., Jones -]
B ctal Fowler O’Gorman &
etal. Campbell X
) Gheorgiu
8 & Mosca Dallaire-
10°4 @ Gheorgiu Demers et al
& Mosca
£ = 5]
S 1074 Gidney Zhou
o & Ekera etal.”
IS Webster|
‘» etal.
2 10°4 Gidney®
o Babbush @
I RSA-2048 (1 ps cycle) etal.
1054 | @ ECC-256 (1 s oycle) V\éetbaslt?f
71 RSA-2048 (1 ms cycle) ’
@ ECC-256 (1 ms cycle) Thi
B " i is
10%4 assumes non-local connectivity work* 6
T T T T T T T T T
2010 2014 2018 2022 2026
Year

FIG. 1. Fault-tolerant computation with atomic qubits. a, Neutral atom processor with four functional zones: a memory
zone for storing quantum information, a processor zone for computation, an operation zone for performing Clifford operations,
and a resource zone for generating magic states. Also included is a zone for an atomic reservoir and reloading. Each dot
represents an atomic data qubit. b, Estimated number of physical qubits to run Shor’s algorithm versus year of publication

for prior resource estimates [18, 19, 31-37] and the current work.

and decoders [45], we encode = 1,000 logical qubits with
~30% encoding rates at algorithmically relevant logi-
cal error rates. This enables qubit requirements to be
reduced by an order of magnitude compared to archi-
tectures based on small, quasi-local codes with ~ 4%
encoding rates [37, 46, 47], and two orders of magni-
tude compared to planar surface-code architectures [18].
Leveraging recent advances in logical operations with low
space overhead [48-52], we develop a verifiable compila-
tion scheme and project further reductions in time over-
head through parallel logical operations [52, 53].

We explore a range of architectures with different num-
bers of physical qubits and parallelism, and evaluate
them using prior state-of-the-art circuits for Shor’s algo-
rithm [18, 34, 54, 55|, focusing on RSA with 2048-bit keys
(RSA-2048) and elliptic-curve cryptography with 256-bit
keys (ECC-256). For elliptic-curve discrete logarithms,
we explore architectures using approximately 10,000 to
26,000 physical qubits. Applying these architectures to
recently developed low-depth circuits [55], we find run-
times varying by roughly two orders of magnitude, with
the fastest constructions requiring as few as 10 days, as-
suming a 1 ms stabilizer measurement cycle time. For the
RSA-2048 factoring problem, constructions using 11,000
to 14,000 qubits yield runtimes roughly two orders of
magnitude longer due to higher circuit depths [18, 34],
while parallelized architectures with =~ 102,000 qubits can
potentially achieve runtimes of 97 days.

Existing neutral atom systems have demonstrated
below-threshold operation, universal fault-tolerant pro-
cessing on up to 500 qubits [25], and trapping arrays
exceeding 6,000 qubits [56]. These advances are com-
plemented by progress in continuous large-scale opera-
tion [57-60] and high-fidelity operation across a variety of
atomic species [61-64]. While substantial work is needed
to integrate these advances into a complete apparatus

and scale system sizes to the required levels, our analysis
indicates that appropriately designed neutral-atom archi-
tectures could support cryptographically relevant imple-
mentations of Shor’s algorithm. This finding underscores
the importance of ongoing efforts to transition widely-
deployed cryptographic systems to post-quantum stan-
dards designed to be secure against quantum attacks [65—
67]. More broadly, we anticipate that neutral atom pro-
cessors executing millions of gates on thousands of logical
qubits will unlock a wide variety of applications with sig-
nificant scientific and economic value.

Neutral-atom architecture

Reconfigurable atom arrays offer unique advantages
for quantum error correction because qubits can be dy-
namically rearranged during a computation. In this ap-
proach, physical qubits are encoded in long-lived clock
states and stored in optical tweezer arrays generated by
optical multiplexing devices [27, 68-72]. High-fidelity en-
tangling operations are performed via excitation to Ry-
dberg states [62, 64, 73]. Between gate operations, the
qubits are dynamically reconfigured by moving the opti-
cal tweezers, enabling massively parallel operation and
nonlocal connectivity [28, 74, 75]. Leveraging identi-
cal qubits and global parallel control simplifies the im-
plementation of error correction protocols on redundant
qubits [30], and the parallel nonlocal connections enable
both the use of transversal gates [30, 36, 76, 77] as well
as high-rate encodings [26, 30, 44, 78].

Figure 1a presents a conceptual schematic of an atomic
quantum computer capable of implementing Shor’s al-
gorithm with 11,961 qubits. The computer is divided
into four primary functional zones, along with a zone for



an atomic reservoir and reloading. The memory zone
stores logical quantum information during the compu-
tation. The processor zone stores quantum informa-
tion undergoing active computation. The operation zone
is comprised of ancillary qubits used to perform Clif-
ford logical Pauli product measurements (PPMs), used
for reading, writing, and editing of quantum informa-
tion [49, 51, 52, 79, 80]. Finally, the resource zone gen-
erates magic states to elevate Clifford PPMs to universal
quantum computation.

Feasible methods exist for operating atomic systems at
the scales depicted in Fig. 1a and substantially beyond.
Coherent arrays trapping up to 6,100 atomic qubits have
already been demonstrated [56] (without yet realizing
quantum computation). Laser power overheads can be
greatly reduced by holding atoms in optical potentials
that are hundreds of times shallower except during imag-
ing, cooling, and transport stages. Additionally, opti-
cal tweezer arrays with 360,000 traps have been demon-
strated using metasurface phase masks (although without
yet trapping atoms) [60].

Furthermore, fault-tolerant architectures have been re-
alized, incorporating simplified methods for removing
all relevant entropy sources on systems of hundreds of
qubits [25], and including continuous replenishment of
lost qubits [57-59]. Operation at 2x below threshold
has also been demonstrated, with a path to 10x below
threshold [25]. Although high-fidelity entangling opera-
tions require high laser intensity and have thus far been
realized only on regions of a few hundred qubits [25, 61—
64], increasing laser power could directly enable opera-
tion on thousands of qubits. Further, the present ex-
perimental approach is limited by time-inefficient usage
of laser power, where a continuous-wave laser is actively
used with only a 0.1% duty cycle (~200ns gate opera-
tions separated by idle periods of 2 200 us). By rastering
the beam dynamically to increase the active duty cycle,
the number of atoms that can be addressed and entan-
gled at high fidelity could thus be directly increased by
three orders of magnitude. Although integrating these
capabilities at larger scales requires substantial develop-
ment effort, they appear to be mutually compatible, such
that an appropriately designed architecture could realize
the functionality illustrated in Fig. la.

Finally, demonstrated speeds with atomic processors
are bottlenecked by speeds of readout and motion, which
can be 100 us to several ms depending on the specific im-
plementations [81]. Recent work, which did not optimize
for speed, required several ms per stabilizer measurement
cycle [25], albeit in a smaller system than considered in
this work. Here we assume a 1 ms stabilizer measurement
cycle. Although realizing this in practice may require
technological development, we anticipate that it can be
achieved by optimizing for speed and leveraging the sim-
ple atomic motions inherited from the product structure
of the codes we study [25, 30, 44].

Figure 1b plots the resource estimates for cryptograph-
ically relevant problem instances as a function of time.

Advances in logical codes, operations, and algorithms
have reduced qubit requirements by five orders of mag-
nitude over two decades. Note the differences between
RSA-2048, the historical benchmark for Shor’s algo-
rithm, and ECC-256. Elliptic curve cryptography is a
more modern scheme which provides equivalent classical
security, but with significantly smaller key sizes, resulting
in reduced quantum complexity. Current state-of-the-art
results for planar architectures estimate that RSA—2048
requires 1 million qubits and 1 week [82], whereas re-
cent work finds that ECC-256 requires only half a mil-
lion qubits and tens of minutes, assuming a 1 us cycle
time [55]. Here, we explore several architectures with
differing resource requirements. We plot two such archi-
tectures for RSA—2048 with 13,255 qubits, and ECC-256
with 11,961 qubits (see the end of the resource estimates
section for a detailed discussion of our results and prior
work).

Codes, logic, and compilation

Reconfigurable atom arrays motivate architectures
based on high-rate quantum low-density parity check
(qLDPC) codes [83], which leverage nonlocality to
densely pack many logical qubits into a single code
block [84]. Such codes can substantially reduce the over-
head of error correction compared to the millions of
qubits required for surface codes [38, 40, 43, 44]. The
main challenge is that, unlike the surface code setting,
high-rate blocks make it harder to address individual
logical qubits and to execute complex algorithms effi-
ciently. Refs. [43, 44], for example, provide concrete
protocols for computation with high-rate qLDPC codes,
but due to their recent nature, they were not yet highly
optimized. Since then, key ingredients for architec-
tures leveraging high-rate codes have improved substan-
tially, particularly decoders [45, 85] and logical opera-
tions [49, 51, 52, 79, 80, 86-90).

Figure 2a plots the block error rates of high-
rate codes we develop here, leveraging improved
quasi-cyclic lifted-product (LP) code [91] construc-
tions with encoding rates of approximately 30%.
We analyze three instances from this family with
parameters [[2610,744, < 16]], [[4350,1224, < 20]], and
[[5278, 1480, < 24]], where [[n, k, d]] denotes a code with
n physical qubits, k logical qubits, and distance d. We
denote these codes as Ip‘?’J, ngg, and ngf, respectively,
where the subscript and superscript correspond to the
code distance and seed matrix dimensions respectively;
see Appendix A. We use a circuit-level noise model where
entangling gates, state preparations, and measurements
experience depolarizing noise with error rate p, and de-
code with a customized belief propagation and localized
statistics decoder [45] (Appendix D). At p = 0.1%, the
Ipsy code achieves extrapolated per-cycle block failure
rates (i.e. the probability that any logical qubit fails) of
~ 101, Further, at low physical error rates, its block er-
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physical error rate (red and purple). b, Layout and compilation procedure for the logical architecture. The memory block
stores quantum information, which is then teleported to the processor for computation. Sequential PPMs execute mid-circuit
measurements and gate teleportation of magic states. Finally, the logical information is teleported back into the memory. Here,
P denotes an arbitrary logical Pauli operator on the processor code.

ror rates are comparable to surface codes with the same
distance and number of logical qubits, but with 161 x
fewer physical qubits. We note that a hardware-realistic
error model with >50% of errors due to heralded atom
loss and biased Pauli noise could effectively lower p by a
factor of two [25, 92-99], further reducing the block error
rates. We also anticipate that the current performance
is decoder-limited and that further error suppression can
be achieved using more advanced decoders [85, 100-102].

With these high-rate codes, one can perform simple
resource estimates for a general algorithm. Clifford op-
erations [103] can in principle be implemented directly
on a large qLDPC block (e.g., ngf) using code-surgery
techniques [48, 49, 87]. These methods use an ancil-
lary system to fault-tolerantly measure an arbitrary log-
ical Pauli operator of a general qLDPC code. Magic
|T) states may be generated, for example, using surface-
code cultivation [50], at an additional space cost of a2 500
qubits. The algorithm can then be executed using Pauli-
based computation [103], in which Clifford gates are
propagated to the end of the circuit, transforming Pauli-
product measurements (PPMs) arising from T-gate tele-
portation [104] and mid-circuit Pauli measurements into
higher-weight logical PPMs, potentially acting on all log-
ical qubits in the code block. In this scheme, each PPM is
sequentially implemented via a surgery gadget, such that
the total runtime is proportional to the Toffoli count of
the algorithm. Each Toffoli gate requires approximately
Trof, = 4d stabilizer measurement cycles, corresponding
to 4-7 |T)-state teleportations per Toffoli gate [105-107].

Crucially, however, the complication in actually exe-
cuting logic on high-rate codes hides inside of the code
surgery implementation, which can present substantial

challenges. Such fault-tolerant surgeries can, in princi-
ple, be implemented for any qLDPC code, with an ancilla
overhead scaling with the block size [49, 87]. However,
their practical construction and optimization for large
codes, while maintaining low qubit overhead and rig-
orously benchmarking performance, remain technically
challenging and computationally demanding [108]. For
this reason, we study below an architecture based on
verifiable code surgeries as a theoretically consistent ex-
istence proof, which may not be optimal in terms of re-
source costs. This is achieved by performing computa-
tion on smaller high-rate “processor” codes, rather than
directly on the large codes in Fig. 2a.

Figure 2b shows the resulting architecture where vari-
ous qLDPC codes are used for memory, processing, and
resource-state generation. An additional operation zone
contains ancillary qubits for performing code surgeries.
We use either the ngg or the ngf code for the mem-
ory, depending on the number of logical qubits required
for a given algorithm. We consider two possible proces-
sor codes: a [[248, 10, < 18]] bivariate bicycle code [109],
denoted bbyg, and a [[1122,148, < 20]] LP code, denoted
ngb5 (Appendix A). We refer to architectures with these
two choices of the processor code as space-efficient and
balanced, respectively, as the bbg code has reduced space
cost and logical qubits (and therefore processing power)
compared to the ngb5 code. Finally, because arith-
metic circuits in cryptographic algorithms naturally use
non-Clifford Toffoli gates, we generate |CCZ) resource
states to directly perform Toffoli gates. We use high-rate
8T-to-CCZ distillation [51, 110] to distill cultivated |T')
states [50, 111] into many |CCZ) states hosted in bbsg
factory codes in parallel. Each resource state has logical




error rate @O at p = 0.1%, and is generated in time
less than a single surgery cycle on average (Appendix C).

Universal computation can be performed on this archi-
tecture using the following compilation strategy, detailed
in Appendix E and illustrated in Fig. 2b. A circuit, com-
prised of Clifford and Toffoli gates, is first decomposed
into sub-circuits {C;} acting on m; qubits, where each
sub-circuit fits inside the processor block and contains
B; Toffoli gates, 7; mid-circuit Pauli measurements, and
arbitrary Clifford gates. Each C; is then executed se-
quentially as follows:

1. Teleport to processor. The m; logical qubits are
teleported from the memory code to the proces-
sor code using 2m; PPMs: m; inter-zone measure-
ments between memory and processor, followed by
m; single-qubit measurements on the memory.

2. Pauli-based computation on the processor. Clifford
gates are absorbed into high-weight PPMs when
teleporting in |CCZ) states for Toffoli gates and
when implementing mid-circuit measurements.

3. Teleport to memory. The m; qubits are teleported
back using another 2m; PPMs: m; inter-zone mea-
surements (now Clifford-transformed) followed by
m; measurements on the processor.

As described in Appendix B, these PPMs can be imple-
mented using standard code surgery techniques [49, 86,
112] by reconfiguring operation zone ancillary qubits to
measure the chosen logical operators. Importantly, the
ancilla qubit count scales with the maximum physical
weight of the target logical operators. All PPMs in our
scheme are of the form Z; P or X;, where Z; (resp. X;) is
a single-qubit logical Z (resp. X) operator on the mem-
ory or factory code, and P is an arbitrary logical operator
on the processor code (Fig. 2b). Because the logical op-
erators in the memory and factory codes can be chosen
to have low physical weight [113], the ancilla cost there-
fore scales with the processor code size, rather than with
the entire memory block, as would be required if complex
operations were performed directly on the memory code.
We numerically construct the required surgery gadgets
for our architecture and estimate the corresponding an-
cilla costs, and hence the size of the operation zone, in
Appendix B, finding it accounts for only 10%-20% of
the total qubit count in both the space-efficient and bal-
anced architectures. Numerical simulations indicate that
the logical error rates of the surgery gadgets are within
an order of magnitude of the processor and factory code,
comparable to the ngg and ngf error rates in Fig. 2a.
Therefore, we take the memory zone error rate as an ap-
proximation for the total architecture error rate.

The time cost of this compilation strategy is as follows.
Each PPM is implemented in a single surgery cycle con-
sisting of 2d/3 stabilizer measurement cycles, chosen to
minimize the total logical error rate (see Ref. [49] and
Appendix B for justification), where d is the processor
code distance. Each C; involves 4m; + 45; + v; PPMs,

thus taking 23—d(4mi +408; + ;) cycles. As the runtime
of this compilation strategy scales with the total Toffoli
count, we compute the amortized time per Toffoli 7o
of the circuit. 71og. is minimized when each C; contains
many Toffoli gates relative to mid-circuit measurements
and communication between the memory and processor
(Bi 2 mi, i), ie. Trog. = 3%(4mi +48; +v;) > 8. In
practice, however, the exact cost depends on the con-
crete logical circuit. For Shor’s algorithm we there-
fore estimate T.¢. based on the ripple-carry adder [53,
107, 114] and unary lookup table [115], which we antici-
pate dominate the Toffoli counts in the circuits we con-
sider [18, 34, 54, 55, 116-120]. As shown in Appendix E,
for the balanced architecture we estimate 7rog. ~ 19 - 23—(1

and Trog ~ 10 - % cycles for ECC-256 [55] and
RSA-2048 [18, 34], respectively. For the space-efficient
architecture, the reduced processor size increases the
time to Trog ~ 72 - %d and Trog ~ 43 - %d cycles for
ECC-256 [55] and RSA-2048 [18, 34], respectively.

The space cost is computed by summing the number
of qubits in each zone. We count the data qubits as
well as one basis (X or Z) of ancilla qubits for measur-
ing stabilizers by assuming that the X- and Z-stabilizers
are measured sequentially. Using the ngg memory code,
the resulting qubit counts are 9,739 and 11,961 for the
space-efficient and balanced architectures, respectively,
whereas for Ip‘;’f memory code, the respective qubit
counts are 11,033 and 13,255.

Resource estimates

We now determine the resources required to run Shor’s
algorithm, focusing on practically relevant benchmarks
including Diffie-Hellman (DH), RSA, and ECC. Fig-
ure 3a illustrates the required number of logical qubits
and Toffoli gate count for prior state-of-the-art cir-
cuits [18, 54, 55]. We include both compilations for
ECC-256 from Ref. [55], denoted (1) and (2), which offer
a tradeoff between logical qubit and Toffoli count. Also
plotted are the number of Toffoli gates which can be im-
plemented with 90% total success probability in the bal-
anced architecture, nrog. = 10g(0.9)/[7rosr. log(1 — Ppr)],
where 7rog. = 19 - %, and Py, is the extrapolated block
error rate per cycle of the memory code. We consider
both the ngb7 and ngf memory blocks, which can im-
plement circuits with < 1224 and < 1480 logical qubits,
respectively. ECC—-256 requires p = 0.093% with the ng;f
memory (compilation (1) can also be implemented with
p = 0.070% using the smaller ngg)? memory), whereas
RSA-2048 and DH-2048 require slightly reduced physi-
cal error rates.

In Figure 3b-c, we plot the number of days required for
RSA-2048 and ECC-256, assuming 1 ms per cycle. The
time costs vary substantially depending on the logical
architectures, circuits, and algorithms. For example, the
runtimes of RSA-2048 (Fig. 3b) and ECC-256 (Fig. 3c)
vary by nearly two orders of magnitude for the balanced
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architecture, with the latter requiring ~ 264 days. The
runtimes for both the space-efficient and balanced archi-
tectures are limited by the fact that Toffoli gates and
PPMs are executed sequentially. By changing the fault-
tolerant schemes for implementing logic and compiling
circuits to leverage parallelism, further runtime reduc-
tions by nearly two orders of magnitude can potentially
be achieved with the time-efficient architecture plotted.

Concretely, in the time-efficient architecture, we con-
sider parallelizing the Toffoli gates in core algorithmic
subroutines assuming the use of parallel surgery opera-
tions [52, 121, 122]. Such surgery operations have previ-
ously been constructed for hundreds of parallel PPMs on
related code families, and have demonstrated comparable
performance to an idling code block in numerical bench-
marks on ~10 PPMs [52]. We estimate the potential
speedup by computing the time reduction from replacing
n-bit serial quantum ripple-carry adders [53, 107, 114],
commonly used in prior circuits [18, 34|, with paral-
lelized carry-lookahead adders [123] (here n is the key
size). These adders have Toffoli depths (number of max-
imally parallelized layers of Toffoli gates) of ~ 1n—2n and
~4log(n), respectively, where the range corresponds to
whether a particular addition is controlled or not. We
consider the ECC—256 and RSA-2048 compilations in
Refs. [34, 55]. As detailed in Appendix F, we generate
and consume |CCZ) states in parallel batches of size P,
where the gate teleportation and CZ feedback are directly
implemented in three parallel surgery cycles [52, 124].
The estimated speedup increases with P, with projected
runtimes of 10 days for ECC-256 (P = 130) and 97 days
for RSA-2048 (P = 1,160).

To realize these time improvements, the number of
physical qubits must be increased to generate more
|CCZ) states in parallel, and for ancillary logical qubits
used in the carry-lookahead adder [123]. We use codes
in upcoming work [125], which have 20%-30% encod-
ing rates and maintain the required distance, for storing
quantum information, computation, and generating high-
rate magic. By assuming that the surgery system scales
with the size of codes undergoing parallel operation, in
line with prior work [52], we estimate that approximately
26,000 qubits are required for ECC-256 (P = 130) and
102,000 qubits are required for RSA-2048 (P = 1,160)
(see Appendix F for discussion). We emphasize that
these estimates are preliminary and can be optimized in
future work. Nonetheless, they indicate that the run-
time can be substantially reduced by optimizing the al-
gorithm, circuits, and fault-tolerant protocols.

Finally, the advances in this work complement recent
progress in the resource estimates plotted in Fig. 1b.
Advances in planar surface-code architectures and al-
gorithmic optimizations have already reduced qubit re-
quirements to under one million qubits [55, 82]. Re-
cent progress across hardware platforms has also moti-
vated architectures leveraging nonlocal connectivity to
reduce resource costs [36, 37, 46]. Zhou et al. [36] com-
pile RSA-2048 with 19 million qubits encoded in surface
codes, and uses fast, nonlocal transversal operations to
achieve a runtime of ~ 1 week despite a slower 1ms cycle
time. Architectures based on high-rate codes encoding
small = 10 logical qubits have also been proposed, achiev-
ing 10x qubit savings over planar architectures while
maintaining fixed, quasi-local connectivity and enabling




parallel logical operations across blocks [37, 46]. For ex-
ample, Webster et al. [37] compile Shor’s algorithm for
RSA-2048 with various resource tradeoffs; we plot two
such compilations with 1.1 million qubits and 1 year (1 ms
cycle time), and 98,000 qubits and 1 month (1pus cy-
cle time). Our space-efficient and balanced architectures
further reduce qubit counts by one order of magnitude
compared to small-block architectures by leveraging the
long-range, reconfigurable connectivity of neutral-atom
systems. While we expect these architectures have near-
optimal qubit counts, our findings indicate that runtimes
can be reduced by orders of magnitude by leveraging par-
allelism [121, 123], suggesting that future efforts should
focus on architectural design and reducing algorithm run-
time.

Conclusion and outlook

In this work, we propose FTQC architectures based
on reconfigurable atom arrays. By optimizing construc-
tions for high-rate codes [38-44], decoders [45], and low-
overhead logical operations [48-52], we find that Shor’s
algorithm can be implemented at cryptographically rele-
vant scales using as few as {10,000 atomic qubits. Lever-
aging improvements to quantum algorithms [55] and par-
allel logical operations and circuits [121, 123], our most
time-efficient architectures can potentially enable run-
times of 10 days for ECC-256 with & 26,000 qubits, and
97 days for RSA-2048 with = 102,000 qubits.

The space and time overheads for these problems
are likely to further improve. The space overheads
could potentially be reduced by a factor of two be-
yond our most space-efficient architectures by utilizing
higher-rate codes [125]. Substantially larger space re-
ductions, however, would likely require algorithmic com-
pression and improved physical fidelities that permit
operation at lower code distances. In contrast, ad-
vances in quantum error correction, circuits, and algo-
rithms could potentially reduce runtimes by more than
an order of magnitude beyond the time-efficient archi-
tecture presented. Each parallel Toffoli layer can po-
tentially be implemented in ~1 cycle by using single-
shot surgery [79, 90, 126, 127], single-shot code switch-
ing [80, 128, 129], or transversal gates [51, 76, 77, 89, 130
132], which could remove the requirement for d ~ 20
cycles per operation. Computation can potentially be
further parallelized using space-time tradeoffs [133-135],
advanced compilation strategies [37, 136], and improve-
ments to high-rate magic [80, 89]. While we emphasize
that such schemes require further innovation and devel-
opment, they open the possibility of reducing runtime by
at least another order of magnitude.

The hardware itself can also be improved along several
fronts to reduce runtime. Although systems of ~({10,000
qubits are sufficient to address the relevant problem sizes,
known techniques could potentially increase the available
space to ~ 100,000 qubits. Space-time tradeoffs can then

be leveraged to reduce computation time by factors of
up to 6-10 x [133, 134]. Raw qubit speeds can also be
improved substantially. Faster readout techniques can
reduce measurement times from ~1lms to ~1pus [81].
Faster qubit motion can be achieved through architec-
tures that leverage atoms moving at constant velocity,
thereby avoiding repeated starting and stopping and en-
abling transport speeds that are potentially hundreds of
times faster. These approaches require additional work
to incorporate into a complete architecture that removes
all forms of entropy [25]. Nevertheless, they indicate that
hardware-level speed improvements by several additional
orders of magnitude can potentially be achieved, result-
ing in runtimes on the scale of hours or even minutes.

These findings have significant implications. Although
substantial expertise, experimental development effort,
and architectural design are required, our theoretical
analysis suggests that a neutral atom system capable
of implementing Shor’s algorithm could be constructed.
This conclusion underscores the importance of ongoing
efforts to transition widely-deployed cryptographic
systems toward post-quantum standards designed to be
secure against quantum attacks [65-67]. More broadly,
these results position neutral-atom systems as a leading
platform for utility-scale quantum computation, with
the capacity to drive innovation across science and
industry.
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METHODS

Here we provide technical details on the codes, logic,
and compilation schemes discussed in this work. In Ap-
pendix A, we describe and numerically benchmark the
codes used in this work, including the lifted product
code constructions and bivariate bicycle code construc-
tions. In Appendix B, we describe how code surgery
is performed, including a general description, the con-
crete constructions, and the associated resource costs and
opportunities for future improvement. Appendix C de-
scribes the high-rate distillation procedure and the as-
sociated resource costs. Appendix D includes details of
the numerical simulations. In Appendix E, we describe
the compilation procedure for the space-efficient and bal-
anced architectures, and their application to ripple-carry
adders [53, 107] and table lookup [115] circuits. Finally,
Appendix F describes the time-efficient architecture and
the associated resource costs. Extended Data Table I
summarizes the notation for different quantities used in
this work.

Appendix A: Codes

Here we describe the high-rate quantum error-
correcting codes used in this work and their functional
roles. The codes are based on optimized constructions of
lifted-product (LP) codes [44, 91] and prior constructions
of bivariate bicycle (BB) codes [39, 138]. As summarized
in Extended Data Table II, these codes offer different
tradeoffs between block size, encoding rate, distance, and
stabilizer weight. Here, the weight of a Pauli operator
refers to the number of qubits for which it has nonzero
support. These parameters are relevant to their practical
performance, as the code distance bounds the logical er-
ror scaling with decreasing physical error rates [19], and
the stabilizer weight is related to how many entangling
gates are needed for stabilizer measurements.

1. Lifted-product codes

The LP code family [91] is obtained by taking the
product of two classical codes with check matrices
A€ R™4*ma and B € R"8*"5 where R := Fa[x]/(2'+1)
is the univariate polynomial ring of order ¢. Each entry
of A is an element of R, which can be identified with a
polynomial of degree at most £ — 1 over Fy, or equiva-
lently, with an £ x £ circulant permutation matrix. In
this work, we always choose B = AT, where AT denotes
the transpose of A with each polynomial entry p(z) re-
placed by p(z~!') mod (zf +1). As the circulant per-
mutation matrix corresponds to a cyclic shift in a line of
atoms, this family of codes is readily implementable on
reconfigurable atom arrays; see Ref. [44] for their detailed
description and proposed implementation.
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The resulting quantum code LP(A, A") has parameters

[n=0%+n%) 0 k> (na—ra)®f d]l, (A1)
with stabilizer weight r 4+n 4, where the distance satisfies
the inequality [139, 140]
d<min((ra+ 1), (na+1. (A2)
As notation, we refer to an LP code built from an
ra X n4 seed matrix A over a ring of order ¢ and achiev-

ing quantum distance < d as Ip);*"*.

In this work, we study codes withry x n4g =3 x 7 and
3 x 5 seed matrices, corresponding to a distance of d < 24
from Eq. (A2). Because the true distance can be lower
than this bound, we numerically obtain improved esti-
mates of the distance upper bound. We use a decoder-
based distance estimation [43] using the BP-OSD decoder
[141] for both the distance of the Z-check matrix (dz) and
the X-check matrix (dx). Concretely, for dz (and sim-
ilarly for dx), let Lx € ]FSX” be a basis for the logical
X operators ker Hx /im H}— For each trial, we sample
c ~ {0,1}*\ {0}, set e = ¢- Lx (mod 2), and use BP-
OSD to find a minimum-weight v satisfying Hxv = 0 and
e-v =1 (mod 2). Then dz < miny |v¢|]. For this method,
we consider at least 25,000 trials for both dz and dx.
Below we describe the LP code instances studied in this
work. The ngb5 processor code and the memory codes
Ip?g, ngg, ngfare new to this work and are obtained
using an LLM-assisted heuristic computer search [125].

nggf processor code. The LP processor code for the
balanced architecture is built from a 3 x 5 seed matrix A
over the ring R = Fa[z]/(233 + 1), so that £ = 33. The
seed matrix is

1 1 1 1
A= 14,19 211 426 | (A3)
1 213 22 215 221

where we have written 20 = 1. The LP construction in
Eq. (A1) and numerical distance estimation yields a code
with parameters

([n=1122, k>132, d<20]. (A4)
We find that the code has k = 148, exceeding the lower
bound. The code has rate k/n ~ 0.132 and stabilizer
weight 3 + 5 = 8. The smaller block size and lower stabi-
lizer weight make this code well-suited for use as a proces-
sor, where the overhead of performing logical gates scales
with the code size (Appendix B). As shown in Extended
Data Fig. 1a, ngb5 achieves an extrapolated block error
rate (per code cycle) of < 107! at a physical error rate
of p = 0.1%.

Ip‘rfé7 memory code. The first memory code is built from
a 3 x 7 seed matrix A over the ring R = Fa[z]/(z%® + 1),
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Extended Data Table I. Notation summary. Summary of notation used in this work.

Notation Description
[y ko, di]] Memory code parameters for the space-efficient and balanced architectures.
[[np, kp, dp)] Processor code parameters for the space-efficient and balanced architectures.
[[ng, kg, df]] Factory code parameters used in high-rate 87-to-CCZ distillation.
[[ns, ks, ds]] Surface code parameters used in magic state cultivation.
N; Size of a code indexed by ¢, including the data qubits and one basis (X or Z) of stabilizers,
approximated by N; ~n; + |(n; — k;)/2].
N, Size of the memory code.
N, Size of the processor code.
N¢ Size of the factory codes.
N Size of the cultivated surface codes.
Ny Size of the operation zone ancilla system.
Am Ancilla system for the memory code.
A, Ancilla system for the processor code.
Ay Ancilla system for the factory codes.
Ts Number of stabilizer measurement cycles during surgery PPMs, equal to %dp.
roult Number of stabilizer measurement cycles to teleport cultivated states during high-rate
distillation, equal to %ds.
Ipdy Small LP memory code with parameters [[2610, 744, < 16]].
Ipa’ Medium LP memory code with parameters [[4350, 1224, < 20]].
Ipay Large LP memory code with parameters [[5278, 1480, < 24]].
Ipay LP processor code for the balanced architecture with parameters [[1122, 148, < 20]].
bbyg BB factory code and processor code for the space-efficient architecture with parameters

[[248, 10, < 18]].

so that ¢ = 45. The seed matrix is
(A5)

The LP construction in Eq. (A1) and numerical distance
estimation yields a code with parameters

[[n=2610, k>720, d<16])]. (A6)
We find that the code achieves k = 744, slightly ex-
ceeding the lower bound guaranteed by the construction.
The code has rate k/n =~ 0.285 and stabilizer weight
3+7 =10. As shown in Fig. 2a, Ipil)’é7 achieves an extrap-
olated block error rate per cycle of ~10~7 at p = 0.1%.

ngg memory code. The second memory code is
built from a 3 x 7 seed matrix A over the ring
R =TFy[x]/(z™ + 1), so £ = 75. The seed matrix is

(A7)

The LP construction in Eq. (A1) and numerical distance

estimation yields a code with parameters

[[n =4350, Kk >1200, d<20]]. (A8)
We find that the code achieves k = 1224, slightly ex-
ceeding the lower bound guaranteed by the construction.
The code has rate k/n =~ 0.281 and stabilizer weight
3+7 =10. As shown in Fig. 2a, ng’gf achieves an extrap-

olated block error rate per cycle of < 10710 at p = 0.1%.

ngf memory code. The third memory code is
built from a 3 x 7 seed matrix A over the ring
R = Fa[z]/(2°! + 1), so £ = 91. The seed matrix is

(A9)

The LP construction in Eq. (A1) and numerical distance
estimation yields a code with parameters

[[n=5278, k> 1456, d < 24]]. (A10)
We find that the code achieves k = 1480 logical qubits,
again exceeding the lower bound. The code has rate

k/n = 0.280 and stabilizer weight 3+ 7 = 10. As shown



Extended Data Table II. Code parameters. Details of
the codes used in this work, including the code parameters
[[n, k, d]], the stabilizer weight, and the encoding rate k/n.

Code n k d Weight Rate
bbig 248 10 <18 6 0.04
lphy 1122 148 <20 8 0.13
Ipdd 2610 744 <16 10 0.29
lpyy 4350 1224 <20 10 0.29
lpsy 5278 1480 <24 10 0.28

in Fig. 2a, ngf achieves an extrapolated block error rate
per cycle of < 10711 at p = 0.1%.

2. Bivariate bicycle codes

The BB code family [43] can be viewed as a special
subfamily of LP codes. A BB code LP(a,b) is defined by
two elements a, b € Fa[z,y]/(z! + 1,4™ + 1) in the bivari-
ate polynomial ring with periods [ and m. The resulting
code acts on n = 2lm physical qubits with stabilizer gen-
erators determined by the polynomials a and b. The BB
code used in this work functions as both a processor and
factory code.

bb;s processor and factory code. We use a BB code
from Ref. [138] with parameters [[248, 10, < 18]], defined
by the polynomials
a=1+a2%+277, b=y +a%y® +2*,  (AlD)
with [ = 31 and m = 4. We refer to this code as bbqg.
The code has rate k/n = 10/248 ~ 0.04 and stabilizer
weight 6. As shown in Extended Data Fig. la, bbig
achieves an extrapolated block error rate (per code cy-
cle) <107 at p = 0.1%. Compared to the LP processor
code ngb5, this code has a significantly smaller block size
and comparable distance, but encodes far fewer logical
qubits per block. The choice between these two processor
codes therefore introduces a tradeoff between per-block

resource cost and the number of logical qubits per block.

Appendix B: Surgery

Universal computation on general qLDPC codes can
be performed with logical Pauli product measurements
(PPMs), which implement Clifford gates, and non-
Clifford magic resource states. Code surgery [48, 49,
86, 142] is a method for implementing addressable PPMs
on general qLDPC codes. First introduced in Ref. [48],
it generalizes lattice surgery for topological codes [124]
to general qLDPC codes. It has since been actively de-
veloped as a practical and flexible framework for fault-
tolerant logical operations [49, 52, 86, 87, 112, 121, 122,
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142].

Here we adapt these existing techniques to our archi-
tecture, analyze their concrete resource costs, and dis-
cuss their limitations and possibilities for further im-
provement. We refer readers to Sec. 3 of Ref. [87] for a
comprehensive review of general code-surgery techniques,
and provide a brief summary for completeness below.

1. Description

Given a qLDPC code Q, a surgery gadget measures
a collection of logical Pauli operators £ = {P € Py},
where P}, denotes the logical Pauli group acting on the
k encoded qubits. This is achieved by coupling Q to an
ancilla system .4 such that the eigenvalues of the logical
operators in L are extracted non-destructively via mea-
surements on A [48, 49, 86].

Here we briefly describe the procedure for measuring
X-type logical operators. The procedures for other types
of logical operators can be adapted analogously [87, 122].
For the data code Q(Q,Sx,Sz), we denote by @ the
set of qubits, and by Sx and Sz the sets of X- and
Z-checks, respectively. We construct an ancilla system
A(Q', S, S%,) with qubits Q" and check sets S’ and S7.
The checks Sx and Sz (resp. S% and S%) act on @ (resp.
Q') according to the parity-check matrices Hx and Hy
(resp. HY% and H7). We then perform the following
surgery procedure to measure L:

1. Initialize @’ in |0) states.

2. Measure 74 cycles of checks Sx U S% U Sz U S,
that are now deformed to support on the merged
code with qubits QU@Q’: in addition to the original
connection, S% is also connected to @ and Sz is
also connected to Q' according to matrices f% and
fz, respectively, depending on the target logicals
to measure.

3. Detach @' from Q by measuring @’ in the Z basis,
followed by adaptive Pauli corrections on Q.

The key step is measuring the checks of the merged
code for 74 cycles (step 2). We denote the merged code
Q(Q, Sx,Sz) with check matrices

Ay = (HX 0 ) Ay = (HZ fz ) (BI)
fi Hy 0

During this merging step, the information of L is ex-
tracted through measurements of the merged X-checks
S’ . Concretely, each P € £ becomes an X-check in
the row span of Hx. This requires (£) = fi ker(HY),
meaning that the ancilla system is designed such that the
kernel of H4 maps exactly to the target logical operators
of the data code. We focus on protocols in which f{ has
the structure that a subset of qubits in @ is connected
one-to-one with a subset of X-checks in S’%. In this case,
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Extended Data Fig. 1. Processor code and surgery performance. a, Block error rate per cycle as a function of physical
error rate for the nggf (pink) and bbis (blue) codes. A least-square fit to both the bbis and ngb5 data yields a slope greater
than d/2, the theoretical maximum value in the limit that the physical error rate p — 0. We therefore fit the data point at the
smallest physical error rate of ngbs (pink dashed line) the form y = az'®, where we find @ = 18.5. Using the same procedure
for bbyg (blue dashed line) to fit a line of the form y = az®, we find @ = 15.65. b, Block error rates per cycle versus physical
error rate for the bbig code, either idling for 9 cycles (solid line) or performing a surgery measurement of a high-weight logical
operator (Table III) with 7, = 15 cycles (dashed line). Surgery failure rates are averaged over X- and Z-basis initialization and

measurement experiments.

the logical operators to be measured are fully specified by
the kernel of the classical code H5'. Depending on the
dimension of ker(H%'), we classify surgery gadgets into
either low-rate surgery or high-rate surgery, described be-
low. The fault-tolerance of the surgery gadget is ensured
if the following conditions hold [49, 52, 87]: (i) the merged
code Q has distance d = ©(d), (ii) the merged code re-
mains qLDPC, and (iii) 75 = O(d). We discuss how these
criteria can be satisfied below. Note that the merged code
can be a subsystem code with additional gauge qubits
arising from the ancilla system A [48, 52, 142], and in
general we are referring to the distance of the subsystem
code when we refer to the distance of the merged code d.

Low-rate surgery: dimker HYY' = 1. In this case, we
always measure one logical operator P per gadget. The
representative constructions [49, 86, 87] use a connected
graph G(V, E), with a set of vertices V representing

. and edges E representing ', for the ancilla sys-
tem. This naturally guarantees dimker HY = 1 since
ker H% is simply the number of connected components

of G. S is chosen to be a cycle basis of G. The dis-

tance of the merged code is guaranteed to be d > d if the
boundary Cheeger constant of the graph G is > 1 [112];
the merged code can also be made qLDPC using graph-
theoretical techniques such as cellulation and deconges-
tion [49]. These conditions can be satisfied using an an-
cillary graph of size |A| = O(|P|log® |P|), where | P| de-
notes the physical Hamming weight of P. Such a graph-
based gadget can also be used to measure P of any type,
i.e. a product of single-qubit logical Pauli X, Y, and Z
operators. A typical approach [49, 86], which we adopt
in this work, constructs the ancilla system A dynamically
depending on the target logical operator P to be mea-
sured. More modular alternatives that employ a fixed

ancilla system for measuring different logical operators
have also been developed. For example, the extractor
construction [87] enables such a modular design at the
cost of a larger ancilla overhead of O(nlog®n). An-
other approach leverages codes with rich automorphism
groups [49, 143], which reduces the task to measuring
lower-weight “seed” logical operators, potentially leading
to lower overhead.

High-rate surgery: dimker H{Y =t > 1. This gad-
get measures up to t logical operators in parallel. Note
that this entails that the ancilla system A is either a
graph with multiple connected components (i.e. a union
of disjoint, graph-based ancilla systems) or a hypergraph.
Ref. [122], improving upon Ref. [121], introduces a gen-
eral scheme that can measure an arbitrary set of logical
operators (including Y-operators and a mixture of X-
type and Z-type operators) of an [[n, k,d]] qLDPC code
with logically disjoint support with a provable bound
on the ancilla size O(kw), where w is the maximum
physical weight of any logical Pauli being measured;
Refs. [52, 79, 127, 144] present techniques for measuring
certain restricted patterns of Z-type and X-type logicals
with an ancilla size O(n), i.e. bounded by the code block
size, for t = O(k). More generally, Ref. [52] also presents
a randomized algorithm that can measure a more flexible
set of Z-type or X-type logicals with low overhead and
numerically observes that it can measure up to t ~ k
logicals for a variety of codes with an ancilla size compa-
rable to the original code size. Here, with a slight abuse
of definitions, we refer to any scheme that can measure
multiple logicals in parallel using an ancilla whose size is
bounded by that of the data code, i.e. |A] = O(n), as a
high-rate surgery gadget. Note that, although we do not
know such a construction yet that can measure an arbi-



trary set of logically non-overlapping logicals (including
Y- and X Z-type) for any code with a guaranteed low
overhead, we expect that more advanced schemes based
on Refs. [52, 113, 127, 144] can approach this goal, at
least for certain structured codes.

So far, we have focused on surgery gadgets for a sin-
gle code block. We now briefly discuss how to perform
logical PPMs across multiple code blocks. In principle,
one may treat several code blocks as a single combined
code by taking their union and then apply the standard
techniques described above. Alternatively, to measure a
Pauli operator of the form PP’, where P and P’ are sup-
ported on different code blocks (possibly of different code
families), one can construct two independent ancilla sys-
tems A and A’ for measuring P and P’, respectively, and
then connect them through a bridge system B [49, 112]
to measure their product. Using the construction algo-
rithm of Ref. [112], the bridge system requires as few as d
qubits and d —1 checks, where d is the minimum distance
of the two codes involved. When either A or A’ is much
larger than d, the additional qubit overhead of the bridge
system is negligible compared to the size of the original
ancilla systems.

2. Concrete construction and benchmarking

Using the general procedure described in the previous
section, we present concrete constructions of surgery gad-
gets for the space-efficient and balanced architecture in
this section. Recall that these architectures consist of
a [[m, km, dmn]] memory code, a [[np, kp,dp]] processor
code, and several [[ny, ks, ds]] factory codes (see Fig. 2b
and Extended Data Table I). As discussed in Appendix E,
the logical PPMs required for computation have the fol-
lowing forms: Z,; P or P, where Z; is a single-qubit logical
Pauli Z operator acting on either the memory or a fac-
tory code, and P is an arbitrary k,-qubit logical Pauli
operator on the processor code; or X j, a single-qubit log-
ical Pauli X operator acting on either the memory or a
factory code.

Accordingly, we introduce three ancilla systems A,,,
Ap, and Ay for measuring logical Pauli operators on the
memory, processor, and factory codes, respectively. In
addition, two bridge systems are used to connect A,,
and A,, and A, and Ay, respectively. These PPMs are
implemented using low-rate surgery techniques (see the
previous section) such that one logical operator of the
above form is measured at a time using a single surgery
gadget.

Using standard surgery constructions [49, 52, 86],
which dynamically generate ancilla systems depending
on the target logical operator, the number of distinct
ancilla systems scales as O(ky,), O(ky), and O(exp(kp))
in the worst case for A,,, Af, and A,, respectively.
In architectures with fixed connectivity, such as su-
perconducting circuits [46], each distinct ancilla sys-
tem would need to be physically constructed and con-
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nected to the data codes, significantly increasing the re-
quired hardware footprint. In contrast, by leveraging
the reconfigurable connectivity of atom arrays, it suf-
fices to reserve an operation zone with enough qubits to
accommodate the largest ancilla configuration, namely
maxa,, 4, 4; (| Am| +|Ap| +|Af]) (note that here we do
not include ancilla qubits for the bridge systems, which
are subleading in size). The ancilla systems can then be
dynamically reconfigured within this region as needed.
We note that this space saving comes at the cost of in-
creased overhead in classical processing and control, as
one must construct the distinct surgery gadgets in real-
time and adaptively program the corresponding ancilla
configurations. We discuss possible approaches to re-
ducing these classical overheads and further improving
resource efficiency in Appendix 3.

As summarized in Extended Data Table III, we con-
struct and benchmark representative instances of the an-
cilla systems described above. The first and last rows
present A, and Ay, used to measure a single-qubit log-
ical X operator on the ng’b7 and Ip3;” memory codes and
the bbig factory code, respectively. Minimizing the size
of these ancilla systems requires selecting a logical basis
composed of conjugate pairs of single-qubit logical oper-
ators with low physical weight. For the bb;g code, we
numerically identify such a basis in which nine logical
qubits have weight-18 logical operators, while one has a
weight-20 logical operator. Finding a comparable basis
for the larger memory LP codes is more challenging nu-
merically. Upcoming work [113] provides an algebraic
construction of a low-weight basis for LP codes, in which
the 1,220 (resp. 1,476) logical qubits in ngg (resp. ng;f)
have physical weight at most 200 (resp. 224). Further-
more, by exploiting code automorphisms, measuring any
of the above low-weight single-qubit logical X operators
of ngg (resp. Ip‘;’f) requires only 112 (resp. 144) dis-
tinct surgery gadgets [113]. We report, in the first and
last rows of Extended Data Table III, the gadgets that
measure the maximum-physical-weight single-qubit log-
ical X operators for ngb7, ngf and bb;g, respectively.
The middle rows present instances of A, used to measure
high-weight logical X operators on the bb;g and ngb‘r’ pro-
cessor codes. Each operator is selected as the maximum-
physical-weight example among 10° randomly sampled
logical multi-qubit X operators, with logical (resp. phys-
ical) weights 11 (resp. 104) for bbyg, and 69 (resp. 460)
for Ip3;’.

All ancilla systems are constructed using standard
graph-based surgery techniques [49, 86], which will be
further detailed in Ref. [113]. The distances of the
surgery gadgets are estimated using the QDistRnd pack-
age [145] with at least 100,000 trials. Extended Data
Figure 1b shows the logical error rates of the surgery
gadget listed in Extended Data Table IIT that measures
a high-weight logical operator on the bbyg code, corre-
sponding to A, in the space-efficient architecture. With
Ts = 15 & 2d/3, the surgery error rates are within an or-
der of magnitude of the bbyg block failure rate at idling,



demonstrating fault tolerance of the surgery construc-
tion. We expect similar behavior for the larger gadgets
in Extended Data Table III, and leave detailed simula-
tions to future work.

Although Extended Data Table III benchmarks ancilla
systems for measuring X-type logical operators, the same
constructions readily extend to other logical types (e.g.,
Y) by modifying how the ancilla systems couple to the
data codes [87]. Accordingly, we estimate the space cost
of the ancilla systems in our architecture (i.e., the size of
the operation zone), maxa,, 4, .4; (|Am| + [Ap] + [Af]),
based on the examples in Extended Data Table III.

3. Resource costs and future improvements

We now summarize the time and space costs of the
surgery instructions used in this architecture. Based on
the examples in Extended Data Table III as well as the
analysis in the previous sections, we estimate that the an-
cillary systems required to perform all relevant surgery
operations in our architecture occupy Ny = 894 and
Ny = 1,874 (resp. Ny = 924 and Ny = 1,904) qubits
for the space-efficient and balanced architectures, respec-
tively, when using the ngg (resp. ngf) memory code
(see also Extended Data Table IV). We assume that each
surgery gadget is implemented in 74 & 2d/3 code cycles,
where d denotes the distance of the processor code. This
choice balances the space-like and time-like logical error
rates of the gadget, thereby approximately minimizing
the overall logical error rate. See Sec. 2 for numerical
justification of this choice.

There are several avenues to reduce the classical over-
head associated with constructing and implementing
surgery gadgets, as well as further lowering the over-
all resource costs. First, the number of distinct surgery
gadgets could be reduced using extractor-style construc-
tions [87], or more modular approaches that rely on a
small set of fixed gadgets and bridge systems by ex-
ploiting symmetries of the data code, particularly au-
tomorphisms [37, 49, 143]. For codes with sufficiently
rich symmetries, the latter approach may enable a fixed
ancilla system that is even smaller than the data block
while still supporting measurements of arbitrary logi-
cal operators [143]. In addition, alternative techniques
beyond code surgery may further reduce overhead, in-
cluding homomorphic measurements [47, 51, 146] and
in-block transversal gates [47, 88, 147]. Some of these
directions will be explored in upcoming work [113] for
the lifted-product code family.

Appendix C: Magic

Universal quantum computation requires non-Clifford
gates in addition to Clifford gates; typically, T or CCZ
gates are used. Non-Clifford gates can be executed by
generating magic resource states (e.g., |T) = T |+) and
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Extended Data Fig. 2. Parallel magic state distillation.
We distill k¢ |CCZ) states using five copies of [[ny, k¢, df]] fac-
tory codes. Low-error cultivated surface-code |T') states are
loaded into one processor code using parallel surgery [149].
Transversal CNOT gates between this code and the four re-
maining processor codes are used to perform the PPMs in
8T-to-CCZ distillation [110], outputting three blocks of high-
fidelity |CCZ) states.

|CCZ) = CCZ |¥)®*) and performing gate teleportation
with conditional Clifford feedforward gates [148]. In
this work, we implement Toffoli gates by distilling high-
fidelity |CCZ) states and teleporting them into the com-
putation using logical PPMs [110, 136].

Historically, generating magic resource states has been
among the most resource-demanding subroutines for
implementing large-scale logical algorithms for planar
surface-code architectures [34, 110]. Recent techniques
such as magic state cultivation [50] substantially re-
duce the cost of generating magic states in planar ar-
chitectures. However, cultivation uses surface codes with
low encoding rates, and cultivation alone cannot always
achieve the logical error rates required for large-scale al-
gorithms [18]. Here, we describe a protocol that gener-
ates many magic states in parallel with low overhead and
logical error rates by combining surface-code cultivation
with high-rate codes.

1. Description

As illustrated in Extended Data Fig. 2, the high-rate
magic state distillation procedure distills cultivated |T')
states on small surface codes into high-fidelity |CCZ)
states hosted in three high-rate factory code blocks with
parameters [[ng, ky,ds]], using the 8T-to-CCZ distilla-
tion circuit in Ref. [110]. The distillation circuit has eight
layers of gates, each with a similar structure. For a given
layer, we use an ancillary factory code block, denoted as
the T block, to implement parallel logical Pauli product
rotations on the remaining four processor code blocks (see
Fig. 16 of Ref. [110] for the concrete circuit). This is done
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Extended Data Table III. Surgery systems. Ancilla systems for measuring the relevant PPMs on different zones and codes.
For each ancilla system, we report the target logical operators it measures and their logical weights, the number of ancillary
qubits, X stabilizers, and Z stabilizers, as well as the resulting degree and the distance upper bound of the merged code.

Zone Codes PPMs (Qubits, X-checks, Z-checks) Degree Distance
Memory [[4350,1224, < 20]J-Ip3 | P,|P|=1 (342, 200, 143) 12 <20
[[5278, 1480, < 24])-Ip3y P,|P|=1 (364, 208, 157) 12 <22
p [[248,10, < 18]]-bb;g P,|P|=9 (189, 104, 86) 9 <18
rocessor 3.5 _
[[1122, 148, < 20]]-Ip3; P,|P| =69 (813, 460, 357) 10 <20
Resource [[248, 10, < 18]]-bb;g P,|P|=1 (39, 20, 20) 7 <18

using up to four transversal CNOT gates between the T'
block and the remaining processor code blocks, followed
by a transversal faulty 7' measurement [110].

As shown in Extended Data Figure 2b, the transversal
faulty T measurements on the T block are implemented
by parallel teleportation of k¢ cultivated |T') states, each
hosted in a small [[ng, ks, ds]] = [[d?, 1, d]] surface-code
patch. For the parallel teleportation we use parallel code
surgeries [149] (Appendix B), followed by local S correc-
tions via teleportation of |Y) states. The |Y) states can
be prepared using a subset of the patches used for culti-
vation, for example using fold-transversal gates in depth
one [150]. Finally, we perform transversal X-basis mea-
surements on the T block, followed by Pauli feedback on
the other four factory blocks. This procedure is repeated
eight times, once for each layer of logical Pauli-product
rotations in Fig. 16 of Ref. [110]. The resulting circuit
generates k¢ |CCZ) states uniformly distributed among

three factory code blocks, i.e. |CCZ>®kf . The correctness

of the generated magic states is heralded by the fourth
k
YO

factory block being measured successfully in |+ in a

transversal X-basis measurement.

Using factory codes with a sufficiently large dis-
tance dy > ds, noise on the Clifford operations such as
transversal CNOT gates can be neglected to good ap-
proximation [110], and the main faulty operations in the
circuit are the T gates on the T block via teleporting the
surface code |T') states. As such, the logical error rates of
the output |CCZ) states depend primarily on the error
rates of these noisy T gates, which depend on the fi-
delity of the cultivated |T) states. In addition, there are
also extra errors introduced to the T factory code block
when performing the parallel surgeries between the high-
distance factory code and the low-distance surface codes.
For example, in order to avoid introducing logically cor-
related errors on the factory code due to low weight phys-
ical faults during the surgery, the protocol in Ref. [149]
requires a surgery ancilla system with size O(kfdf) and
O(dy) code cycles, which exponentially suppresses the
correlated error by dy, where O() indicates scaling up to
logarithmic factors. However, because we are performing
transversal distillation across different high-rate blocks
rather than within a high-rate code block, we can allow
for correlated errors within the 7' block. This is because

distillation across blocks effectively involves k; parallel
distillation factories.

As such, we are only concerned about the marginal er-
ror rate of each T gate in a T factory code block. For
this, it is sufficient to use surgery ancillas of size O(kyd;)
and Tscult' = O(d;) code cycles, which exponentially sup-
presses the extra (possibly correlated) errors during the
surgery process by ds. We assume that each layer of
surgery takes 7" = 2d./3 code cycles, which often
minimizes the total logical error rates [49], and the final
marginal error rate for the T gate is approximately 2pr,
where pr is the error rate of the cultivated surface code
IT) states. We then estimate that the logical error rate of
each output |[CCZ) state is p&o, ~ 28(2p7)? [110]. The
success probability of the protocol scales linearly with pp.
Since we typically have pr < 1, the success probability
that the entire block succeeds is very close to 1.

The total time cost is approximately 8 x (77 + 274t),
where 71 denotes the time to cultivate each surface code
IT) state. As for space cost, the surgery ancilla is typi-
cally much smaller than the ancilla required for perform-
ing fully fault-tolerant logic for other modules of our ar-
chitecture, e.g. the processor code or the memory code,
so we neglect it here and do not include it into the space
cost of the operation zone. This can also be justified if
we can pipeline the surgery operations across the full ar-
chitecture such that a subset of the ancillary qubits in
the operation zone can be reconfigured for executing the
surgeries in the factory. As such, and based on the anal-
ysis above, we estimate that the space cost of the entire
factory is 5Ny + ks .N,.

2. Resource costs

Here we compute the concrete resource costs for the
magic factory described in the main text for the space ef-
ficient and balanced architectures. For the factory code,
we select the bbyg code (Extended Data Table IT) with
Ny = 367. We choose the distance of the surface code to
be ds = 7 so that it has logical error rate < 1076 [151].
We consider the scheme in Ref. [111] for cultivating |T')
states with pr =~ 107% at physical error rates of 0.1%.
This approach involves injecting a noisy |T) state with
fault distance 1 into a small d = 3 rotated surface code,



then measuring the fold-transversal Hadamard operator
twice (each measurement followed by a stabilizer mea-
surement cycle). Finally, the code is grown from d =3
to d = 5 using a unitary growth procedure, then tod =7
using stabilizer measurements. Postselection is applied
between the measurement and growth stages, then after
the growth stage. For physically motivated noise mod-
els (see Fig. 3 of Ref. [111]), in expectation fewer than
two total attempts are required for the cultivated state to
pass all postselection tests to reach error rates of < 1076,
Note that our choice of final code distance ds = 7 is likely
conservative because 2 50% of errors are atomic loss in
realistic settings, and such heralded errors both improve
the threshold by a factor of ~ 2x and enable better post-
selection [152].

Because the injection and cultivation stages occur at a
smaller code size, extra surface code blocks can be pre-
pared in parallel such that the success probability of this
stage is close to one, without exceeding the maximum
space cost after growth. The total depth, from injection
to growth, is approximately four cycles: one cycle for
injection, one for cultivation, and two for growth. The
full process requires fewer than two attempts, ~ 1.25, in
expectation. As such, we estimate that cultivating each
|T) state takes 77 ~ 5 code cycles, and each surgery layer
takes 7CUt ~ 2d,/3 ~ 5 stabilizer measurement cycles.
With these choices, our factory produces k; = 10 |CCZ)
states, each with an error rate p&, ~ 10719, using 2,565
total qubits in 8 (5+2-5) =~ 120 = 6d,, cycles, for d,, = 20
(see also Extended Data Table IV). Note that the time
cost per |[CCZ) state is 120/ky = 12 < d,. As such,
in our space-efficient or balanced architecture, where we
consume these |[CCZ) states sequentially, we will neglect
the time cost for producing each |CCZ) state.

Appendix D: Numerical simulations

We numerically assess the performance of our fault-
tolerant architecture under -circuit-level noise using
Stim [153]. We focus on simulating the performance of
the codes used in our architecture under repeated stabi-
lizer measurements, as well as the surgery gadgets pre-
sented in Appendix B.

Noise model. We use a circuit-level depolarizing noise
model parameterized by a single physical error rate p,
consistent with prior work [44, 80, 89]. The noise chan-
nels are applied as follows.

o Two-qubit gate noise. Each CNOT gate is followed
by a two-qubit depolarizing channel with error rate
p, which applies each of the 15 nontrivial two-qubit
Pauli operators with equal probability p/15.

e State preparation noise. Each state preparation
(|0) or |4)) is followed by a single-qubit depolar-

izing channel with error rate p.

e Measurement noise. Each measurement is preceded
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by a single-qubit depolarizing channel with error
rate p.

Syndrome extraction circuit. For each code, we con-
struct a syndrome extraction circuit that measures the
X-type and Z-type stabilizers separately. For each stabi-
lizer type, we determine the gate scheduling, specifically
the ordering of CNOT gates at each time step, using the
coloration scheduling method [154]. This approach per-
forms an edge coloring of the bipartite Tanner graph asso-
ciated with the check matrix, ensuring that no data qubit
participates in more than one gate per time step. As a re-
sult, the circuit requires A x + Az layers of CNOT gates
for a code whose X and Z-check matrices have degrees
Ax and Ay, respectively. We use this generic schedul-
ing throughout both the memory experiments and the
surgery experiments described below whenever stabiliz-
ers of a (possibly deformed) quantum code need to be
measured. We adopt this generic coloration scheduling
primarily for ease of simulation. In practice, more struc-
tured approaches could be used, such as the “product-
coloration” scheduling for LP codes [44], translationally
invariant scheduling for BB codes [43, 155] that is di-
rectly compatible with current neutral-atom devices, or
shorter-depth schedules that interleave the measurements
of X and Z-checks [44, 156].

Here we give a detailed step-by-step of the implemen-
tation of the circuit [44, 153, 154]. First, the X-type
ancillas are initialized in the |+) state via a Hadamard
gate, followed by preparation noise. A sequence of CNOT
gates is then applied between each X-ancilla (as control)
and its supported data qubits (as targets), with the gate
schedule determined by the edge coloring. Next, the Z-
type ancillas are initialized in the |0) state, followed by
preparation noise, and CNOT gates are applied with each
data qubit as control and the corresponding Z-ancilla as
target. Finally, all ancillas are measured and reset.

Memory experiment. We simulate a quantum mem-
ory experiment consisting of d/2 stabilizer measurement
cycles, where d is the code distance. The logical qubits
are initialized in the [+)®" state via transversal X-basis
preparation of all data qubits. In the first cycle, detec-
tors are defined by the raw X-syndrome outcomes. In
subsequent cycles, detectors are defined by the difference
between consecutive X-syndrome outcomes, which flags
any change due to errors occurring between cycles. Af-
ter the final cycle, all data qubits are measured in the
X basis with measurement noise applied. The final-cycle
detectors compare the data qubit measurement outcomes
against the last cycle by reconstructing the X-stabilizer
values from the data. Logical observables are defined by
the logical X operators of the code.

Surgery experiment.  We simulate a surgery gadget
that measures a set of t logical X operators £ = {P;}!_,
following the general three-step protocol described in
Sec. B. Recall that a surgery gadget consists of a k-
logical-qubit data code with physical qubits @ together
with an ancilla system with physical qubits Q. During
the protocol, the stabilizer checks of the merged code are



measured for 7,4 cycles. For each gadget we perform two
experiments. In both experiments the ancilla qubits @’
are initialized and measured in the Z basis, while the
data qubits @ are initialized and measured in either the
X or the Z basis.

In the X-basis experiment, we define k + ¢ logical ob-
servables: the final logical X operators of the data code,
obtained from the parities of the final single-qubit X
measurements on (), together with the outcomes of the
target logical operators L, extracted from the parities
of the merged-code X-checks in the first stabilizer mea-
surement cycle. Failures of these observables characterize
space-like logical Z errors (determined by the Z distance
of the merged code) as well as time-like logical errors cor-
responding to incorrect measurement of the target logical
operators. In the Z-basis experiment, we define k —t log-
ical observables corresponding to the logical Z operators
of the data code that commute with L. Failures of these
observables characterize space-like logical X errors, de-
termined by the X distance of the merged code.

Decoding. Decoding is performed using an ensemble
of belief propagation with localized statistics decoders
(BP-LSD) [45], implemented via the 1dpc package [157].
Each decoder instance uses min-sum belief propagation
with serial scheduling for 100 iterations, using the default
annealing schedule for the min-sum scaling factor pro-
vided by the 1dpc package (ms_scaling factor = 0.0).
The LSD is performed using an exhaustive search of or-
der 5 (1sdmethod = lsd._e,1sd_order = 5). To im-
prove decoding performance, we run an ensemble of five
decoder instances per syndrome, each operating under a
different channel probability model: (i) the nominal error
probabilities p, (ii) a randomized serial schedule with the
nominal probabilities, (iii) optimistic probabilities 0.8 p,
(iv) pessimistic probabilities 1.2 P, and (v) thermally per-
turbed probabilities po (1 4 77), where 7; ~ N(0,0.04)
independently for each error mechanism. For each syn-
drome, all five decoders produce a candidate error vector.
Candidates that satisfy the syndrome are retained, and
the one with the lowest log-likelihood ratio weighted cost

c@=3

is selected, where p; is the prior error probability of the
i-th error mechanism and e; € {0,1} indicates whether
that mechanism is included in the correction. If no candi-
date satisfies the syndrome, a logical failure is recorded.
The decoder is designed by an LLM-assisted heuristic
computer search [125].

log -e; (D1)

L —pi
Y2

Logical error rate. 'We report the block logical error
rate: a failure is recorded whenever the selected correc-
tion, composed with the true error, acts nontrivially on
any logical observable.
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Appendix E: Space-efficient and balanced
architectures

In this section, we present a general compilation
scheme for implementing any Clifford 4+ Toffoli circuit on
our space-efficient and balanced architectures based on
the logical instructions in Appendices B and C. We then
apply this general compilation strategy to two algorith-
mic subroutines—ripple-carry adders [53, 107, 114] and
unary lookup tables [115]—which are the key elementary
building blocks of the cryptographic applications consid-
ered in this work, and estimate their time costs. Finally,
we estimate the runtimes for RSA-2048 and ECC-256
using our space-efficient and balanced architectures.

Our space-efficient or balanced architectures consist of:

o A [[nm, km,dn]] memory code, where k,, is larger
than the logical footprint of the entire algorithm.

o A [[ny, kp,dp]] processor code.

e Three [[ny, kg, d;]] factory codes hosting k; copies
of logical |CCZ) states distilled using ancillary fac-
tory code blocks, where each |CCZ) state is encoded
across codes.

e Additional ancillary codes for high-rate distillation,
including two [[ny, ks, dy]] factory codes and ky
[ns, 1,ds]] surface codes for cultivation.

Given a general Clifford + Toffoli circuit on k,, qubits,
we serialize it into sub-circuits {C;}, where each C; is a
m;-qubit circuit containing ; Toffoli gates, +; mid-circuit
Pauli measurements, and arbitrary Clifford gates. We
require that each sub-circuit can fit inside the processor
code block, i.e. m; <k, for all C;. We use P, P’, and
P" to indicate a logical Pauli operator of the memory
code, the processor code, and the factory code, respec-
tively. Then, as illustrated in Extended Data Figure 3,
we implement each C; with the following steps:

1. Teleport the m; logical qubits in the memory code
to the processor code by sequentially measuring
{ZIjZ]/‘}jE[mi] and then {ij}je[mi]' Here, I; de-
notes the index of the j-th qubit among the m;
qubits in the memory code that C; is supported
on.

2. Perform a m;-qubit Pauli-based computation on
the processor code, where Cliffords are pushed to
the end and each Toffoli gate is implemented by
three P’'Z" measurements between the processor
code and one of the factory codes, where P’ is a
m;-qubit Pauli operator. In addition, each mid-
circuit Pauli measurement will be transformed to a
high-weight PPM and also executed sequentially.

3. Teleport the m; qubits back into the memory code
by sequentially performing Z;, P between the pro-
cessor and the memory code, followed by m; m;-
qubit measurements on the processor code.



The above protocol extensively utilizes two key subrou-
tines:

1. Measurement-based teleportation: logical qubit ¢ is
teleported to logical qubit j (potentially across dif-
ferent codes) by preparing |+),, performing a Z,7;
PPM followed by a X; PPM, and applying the cor-
responding logical Pauli corrections (see Fig. 3 of
Ref. [158]).

2. |CCZ) teleportation: given a |CCZ) resource state
on logical qubits a, b, and ¢, a CCZ gate can be
implemented on logical qubits a’, o', and ¢ by
performing three PPMs {Z,Z,/, ZyZy , Z.Z o}, fol-
lowed by three PPMs {X,, X;, X.} and the corre-
sponding CZ corrections (see Fig. 15 of Ref. [136]).

When incorporated into the above compilation scheme,
Clifford circuits generally transform the processor-code
logical operators appearing in these PPMs into higher-
weight logical operators, eventually yielding the circuit
form illustrated in Extended Data Fig. 3.

We refer to the above execution of each C; as a com-
putation unit. Each computation unit involving a sub-
circuit C; thus takes time (in units of code cycles)

7(Ci) = (4mi + 4B; + 7i)Ts, (E1)

where 7, again denotes a surgery cycle consisting of 75 ~
2d,/3 code cycles (see Sec. B).

In the above, we assumed that for each C; the involved
m; qubits are read from the memory at the beginning and
written back to the memory at the end. In other words,
the processor code is initialized and measured transver-
sally in the X basis for each computation unit. In prac-
tice, for instance, when two consecutive sub-circuits have
overlapping qubit support, one could instead read only

mgin) < m; qubits from the memory and write back only

mgout) < m; qubits, leaving some logical qubits initial-
ized or stored in the processor code across computation
units. In this case, a similar compilation strategy ap-
plies, except that the Clifford frames must be tracked
more carefully across different computation units. Im-
portantly, since the I/O entangling operations between
the memory and the processor are executed explicitly,
the Clifford frame on the processor code remains unen-
tangled from that of the memory, analogous to the situ-
ation in Ref. [37]. Consequently, the PPMs involve the
large memory code (with single-qubit logical Z opera-
tors) only during the I/O operations. The time cost for
such a computation unit with “partial” 1/O operations is

given by 7(C;) = (2m(in) +omo 148, +7;)7s. Equiva-

K3 K3

lently, one may still use Eq. E1 by replacing m; with the
amortized input—output qubit count (mgm) + mgout)) /2.

In the following section, we compute the space cost for
this architecture using the concrete code instances dis-
cussed in Appendix A. Then, based on Egs. (E1), we
provide a concrete estimate for the runtime of ripple-
carry adders and unary lookup tables, parameterized by
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Extended Data Fig. 3. Compilation strategy. a, A general
Clifford+Toffoli circuit is divided into m;-qubit subcircuits
C; containing 3; Toffoli gates, -; mid-circuit Pauli measure-
ments, and arbitrary Clifford gates. b, Each sub-circuit is im-
plemented by first teleporting the m; qubits from the memory
code to the processor code. Each Toffoli gate via |[CCZ) tele-
portation and each mid-circuit Pauli measurement is imple-
mented through sequential Clifford-transformed PPMs. Fi-
nally, the m qubits are teleported back to the memory code,
again via Clifford-transformed PPMs. The PPMs can involve
high-weight logical Pauli operators on the processor code,
which we denote as P for simplicity.

their key parameters such as bit size. These subrou-
tines form the core of Shor’s algorithm both for ECC
and RSA [18, 19, 31-37, 54, 55, 116-120].

1. Space cost

The space cost can be computed by summing the num-
ber of physical qubits in each of the four zones. We define
the qubit footprint for a [[n, k,d]] code to include data
qubits as well as one basis (X or Z) of ancilla qubits
for measuring stabilizers, i.e. N ~n+ |(n—k)/2| (Ta-
ble I). Note that in reconfigurable systems, code stabi-
lizers can be measured in smaller batches, reducing the
qubit overhead but increasing idling times. Recall that
the resource zone space cost includes five bb;g factory
blocks with parameters [[ng,ky,dy]] = [[248,10, < 18]],
and ky = 10 [[ns, ks, ds]] = [[49, 1, 7]] cultivated surface
codes. The operation zone costs are derived from Ex-
tended Data Table III, using only one basis of ancilla
qubits. The resulting qubit counts are listed in Extended
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Extended Data Table IV. Space costs. Breakdown of the physical qubit counts in the space-efficient and balanced architectures
in different functional zones.

Zone Space-efficient, Space-efficient, Balanced Balanced
I pggmemory ngfmemory I pg{)?memory I pg;fmemory
Memory 5,913 7,177 5,913 7,177
Processor 367 1,609 1,609
Resource 2,565 2,565 2,565 2,565
Operation 894 1,874 1,904
Total 9,739 11,033 11,961 13,255

Data Table IV.

2. Time cost for adders

Here we estimate the time costs of performing addi-
tion in the space-efficient and balanced architectures. An
adder has action

|a) [b) = |a) la+b) (E2)

on two n-bit numbers |a) =la;...a,) and
|b) =]b1...b,), where |a+b) denotes integer addi-
tion modulo 2™ [53, 107].

Because the space-efficient and balanced architectures
use a small processor code block, they are best-suited for
an adder circuit which operates only on a small number
of logical qubits at a time. As a result, we analyze the
Gidney variant [107] of the ripple-carry adder [53, 114].
Shown in Extended Data Fig. 4a, the circuit acts on three
qubit registers a, b, ¢, where a are the offset qubits, b are
the target qubits, and ¢ are ancilla carry qubits. The
circuit consists of two stages, which we refer to as the
downwards pass and the upwards pass respectively. In
the downwards pass, the circuit propagates the carries
down from the least significant bit to the most signif-
icant bit, using Toffoli gates. In the upwards pass, the
circuit uncomputes the carries using mid-circuit measure-
ments, propagating from the most significant bit to the
least significant bit. To perform ga-bit addition, the cir-
cuit uses 3qa qubits, g4 Toffoli gates, and g4 mid-circuit
measurements.

Since in general the addition circuit will have too many
logical qubits to fit inside the processor block (k, < 3¢a),
we divide the adder into smaller sub-circuits as shown
in Extended Data Fig. 4. We use ¢a/kaqqa computation
units for the downward and upward passes respectively,
where we set kaqq = [(kp — 1)/3]. During each unit, we
hold k,qq input qubits, k,qq output qubits, and k.qq + 1
carry qubits in the processor. For each computation unit
of the downward pass, we only need to read 2k,qq qubits
from the memory, while writing 3k,qq qubits back into
memory, since the carry register is initialized to zero
which can be done in the processor block. Similarly, for
each computation unit of the upward pass, we read 3k.qq

qubits but only need to write 2k,4q qubits back into mem-
ory, since the carry register is reset to zero. This gives an
amortized input-output qubit count of m; = 2.5k,qq. For
the downward pass, each unit involves 3; = k.qq Toffolis
and ~; = 0 mid-circuit measurements, whilst for the up-
ward pass 8; = 0 and ; = kaqq. This leads to an overall
cost of

Tadder — qu ((1Okadd + 4kadd) + (1Okadd + kadd))Ts
kadd
= 25qTs. (E?’)

Controlled adders require an additional g4 Toffolis and
¢4 mid-circuit measurements on the upwards pass [107],
so an analogous calculation yields an overall cost of

qA
Tctrl—adder = (T(lo'lfadd + 4kadd)

add

A
+k

(1Okadd + 4kadd + Qkadd)) Ts
add
= 30qaTs. (E4)

If 3g4 < k, then the entire adder fits inside the proces-
sor block. This is the case for the RSA circuit from [18]
in the balanced architecture, since the maximum size of
adder used is 33 bits whilst the processor has 148 qubits.
In this case, we can simply teleport the entire a and b
registers into the processor once at the beginning, and
teleport them back once at the end. The total cost of the
adder in this case is reduced to:

Tadder = (8qa +4qa + qa)Ts = 13qaTs. (E5)

3. Time cost for lookup tables

Next we estimate the resource costs of performing
lookups in the space-efficient and balanced architectures.
A lookup has action

O) - 16 <® XT) W )
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Unary lookup
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Extended Data Fig. 4. Circuits for the ripple-carry adder and unary lookup. a, We implement the ripple-carry adder
using repeated small computation units (for example the blue boxes) so that each computation unit fits inside the processor
codeblock. b, The diagram shows an example lookup circuit on 3 address qubits and 6 word qubits. The words of the lookup
table were generated randomly. Highlighted in red are three qubits: the least significant address qubit, and the two least
significant ancilla AND qubits. At least half of the Toffolis and CNOTs acting on the address and ancilla AND qubits occur
on these three registers, which means that at most half of the address and ancilla AND operations require I/O in our space

efficient architecture.

where {f“)}?:ofl is a classically-known lookup table
with word length ¢, [115].

We use the unary lookup circuits introduced in [115].
Shown in Extended Data Fig. 4, the circuit iterates
through the address bitstrings 0, ...,2% — 1 one-by-one.
For each address bitstring, the circuit uses T?lefolis to de-

tect the identity of ¢, before applying the X,L-T ‘ operators
using CNOT's. The complete circuit uses 2q, + ¢., qubits,
2% Toffolis, and 2%= mid-circuit measurements [115].

If 2qq + qw < kp, then the entire lookup fits inside the
processor, and the cost is simply

Tlookup = (4(2%1 + Qw) +4-2% + Qqa)Ts
~ (4qy /29 + 5)2%° 7, (qw > qa)- (ET)
For the balanced architecture, we assume that 2g, < k,
so that the processor can store the 2q, qubits needed for
the unary iteration with some space to spare to apply
the word operators. In this case, we will split the lookup
into [quw/(kp — 2¢a)| smaller lookups each involving all
the address bits but a subset of at most k, — 2¢q, word
bits. We then implement each of the smaller lookups
using an I/O step, 2% Toffolis, and 29 mid-circuit mea-
surements. We only need I/O between the memory and
the processor after each small lookup to teleport the com-
pleted word qubits back into the memory, since the word
qubits are always initialized to zero, which can be done
in the processor without I/O. As such, the whole lookup
takes time

quw a a
Tlookup = <’Vm—‘ (2(I€p — 2Qtz) +4- 24 + 24 ))Ts

SGuw

~ 9a
kp — 2qq Ts

(2% > k,). (E8)
It should be noted that this compilation increases
the total Toffoli count of the lookup by a factor of
[qw/(kp — 2q4)], since the Toffolis on the address qubits
must be repeated for each of the [qy,/(k, — 2¢,)] small

lookups.

For the space-efficient architecture, the processor does
not even have enough space to hold all of the address
qubits, since k, < 2g,. In this case, we designate 3 pro-
cessor qubits to hold three address qubits that control the
CNOTs acting on the word qubits, as shown in Extended
Data Fig. 4b. The remaining k, — 3 processor qubits are
used to store word qubits on which the CNOTs act. In
this way, the lookup is split into [qw /(kp — 3)} smaller
lookups, each requiring 2% Toffolis and 29+ mid-circuit
measurements.

In this space-efficient compilation, many gates on the
address qubits require I/O between processor and mem-
ory. In the complete unary iteration circuit, there are 29«
Toffolis, 29= mid-circuit measurements, and 29« CNOTSs
acting on the address qubits [115]. However, if we can
hold 3 address qubits at any one time, then the struc-
ture of the unary iteration circuit implies that only half
of the Toffolis, mid-circuit measurements, and CNOTs
actually incur I/O cost—see Fig. 4. Moreover, each sub-
sequent Toffoli or CNOT in the unary iteration circuit
always overlaps with the previous one by at least one
qubit, which means that the I/O cost is at most 2 qubits
per Toffoli or mid-circuit measurement and at most 1
qubit per CNOT.

Overall, the cost of a lookup in the space-efficient ar-
chitecture is:

w 1
Tookup — (’V%—‘ (2(/%—1)—1—4(24_24_1)52%
P
+4.2qa+2qa))7_s
15¢q
~ 7q2qa7—s (2‘1a > kp) (Eg)

Tk, -3



4. Time cost for RSA—-2048 and ECC-256

Shor’s algorithm for RSA-2048 and ECC—256 primar-
ily uses adders and lookups as the dominant algorithmic
subroutines [18, 19, 31-37, 54, 55, 116-120]. Based on
the adder and lookup compilations developed in Sections
2 and 3, we now summarize and estimate the runtime of
Shor’s algorithm for RSA-2048 and ECC-256. We re-
port the amortized time per Toffoli gate 7rog. for each
algorithm and each architecture in terms of the surgery
time T; simply multiplying by the total Toffoli count will
then yield the total runtime in terms of 7.

RSA-2048

TToff. & 437

ECC-256

TToff. & 12T

Space-efficient
Balanced

TToff. =~ 107—5 TToff. = 197—3

Extended Data Table V. Amortized time-per-Toffoli for the
RSA-2048 and ECC-256 algorithms in the space-efficient and
balanced architectures, all in terms of the time 75 of a single
surgery operation.

For the RSA-2048 circuit in Ref. [18], approximately
50% of the Toffolis arise from lookups on roughly 6 ad-
dress bits with word-size at most 33, and the remaining
50% of Toffolis arise from adders on at most 33 bits [18].
In the space-efficient architecture with k, = 10, the time-
per-Toffoli for adders and lookups is approximately 257
and (15q,/(kp — 3))7s =~ 717, respectively. Overall this
yields:

Trofr, = 0.5 - 2574 + 0.5 - 717, & 437 (E10)
for RSA—2048 in the space-efficient architecture.

In the balanced architecture with k, = 148, the small
adders and lookups used in RSA-2048 fit inside the pro-
cessor, so the time-per-Toffoli for adders and lookups is
only 137, and (4q, /2% + 5)7s = 715 respectively. This
yields:

TTofr. = 0.5 - 137, + 0.5 - 774 ~ 107, (E11)

for RSA—2048 in the balanced architecture.

For the ECC-256 algorithm, based on compilations
in [116-120] we assume the following split in the Toffoli
count between controlled-adders, adders and lookups:

e 40% 256-bit adders,
e 50% 256-bit controlled-adders,

e 10% lookups with 16 address bits and word size
256.

In the space-efficient architecture with k, = 10, the time-
per-Toffoli for adders and controlled-adders is 2575 and
1575 respectively, and the time-per-Toffoli for lookups be-
comes (15¢y,/(k, — 3))7s = 5507s. Overall, for ECC-256
in the space-efficient architecture we get:

TTot. & 0.4 257, + 0.5 - 157, + 0.1 - 5507, ~ 727, (E12)
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In the balanced architecture with k, = 148, the adders
and controlled adders again have time-per-Toffoli 257,
and 157, respectively, but now the time-per-Toffoli for
lookups is (5¢w/(kp — 2¢4))7s ~ 1l7s. Overall, for
ECC-256 in the balanced architecture we get:

TTot & 0.4 - 2575 + 0.5 - 157, + 0.1 - 117, ~ 197, (E13)

Appendix F: Time-efficient architecture

Here we describe the time-efficient architecture and its
associated resource costs for RSA—2048 and ECC-256.
This architecture parallelizes Toffoli gates in core algo-
rithmic subroutines, which can reduce time costs com-
pared to the serial space-efficient and balanced archi-
tectures (Appendix E). As a proxy for the time reduc-
tion relative to these serial architectures, we consider
replacing linear-depth ripple-carry addition [53] used in
prior resource estimate circuits [18, 34, 54, 116-120]
with logarithmic-depth quantum carry-lookahead addi-
tion [123]. Similar linear-to-logarithmic-depth reductions
are also possible in lookup tables [159], which together
with adders comprise the dominant Toffoli counts in prior
circuits for Shor’s algorithm [18, 19, 31-37, 54, 116-
120] (see Appendix E). As a result, we expect that the
speedup between the ripple-carry and carry-lookahead
adder is a reasonable proxy for the speedup of the full
circuit.

To leverage these lower-depth primitives, we gener-
ate and consume magic |CCZ) states in parallel us-
ing the high-rate 87-to-CCZ distillation protocol (Ap-
pendix C), extended to larger factory codes encoding
more logical qubits. In addition, we assume logical gad-
gets capable of measuring many logically disjoint PPMs
on high-rate codes in parallel. Such capabilities have
been demonstrated using, e.g. high-rate surgery tech-
niques [52, 121, 122] (see also Appendix B), achieving
parallel measurements of up to hundreds of logical op-
erators on distance-~ 10 codes with ancilla overhead on
the order of 1-2x the code size [121]. Ongoing work fur-
ther develops these constructions for LP codes [113]. We
characterize variants of the time-efficient architecture by
the parallelism P, defined as the number of |CCZ) states
distilled and consumed simultaneously.

Our goal is not to specify concrete circuits or instruc-
tion sets, but to provide an approximate resource esti-
mate for architectures supporting highly parallel Toffoli
gates. The schemes outlined below rely on continued
improvements in such parallel logical gadgets, which we
expect to arise from further optimized high-rate surgery
techniques [52, 79, 113, 127] or alternative approaches
such as homomorphic measurements [51, 146]. With this
goal in mind, we first outline the architecture at a high
level and then estimate its resource costs.



1. Description

In our time-efficient architecture, we perform logical
operations directly on code blocks used for processing,
thereby avoiding costly communication overhead with
the memory blocks. Upcoming work finds codes at suf-
ficiently high distance hosting 2 100 logical qubits with
20% encoding rates, and = 600 logical qubits with 30%
encoding rates [125], which we leverage for processing
and as factory code blocks. We generate P magic |CCZ)
states at a time using high-rate distillation with five fac-
tory code blocks and cultivated surface codes. As de-
scribed later, we use different codes for processing and
magic depending on the chosen value of P.

Using the carry-lookahead adder described in
Ref. [123], we consider both controlled and uncon-
trolled adders, which can each appear in crypto-
graphic algorithms, depending on the particular
circuit [18, 34, 54, 116-120]. In both cases, the circuits
are comprised of ~4log(n) parallel layers of Toffoli
gates, each acting on a potentially different subset of
logical qubits. This can be contrasted with ripple-carry
addition, which requires ~ 1n and = 2n Toffoli layers
for uncontrolled and controlled addition respectively.
The Clifford cost for the carry-lookahead adder is
minimal—at most six layers of CNOTs in the entire
adder—and therefore we neglect it in our estimates.

The carry-lookahead circuit [123] proceeds by first gen-
erating a group of P magic states using the high-rate dis-
tillation described in Appendix C. At large P, the space
cost from surface codes can become large, so we allow the
surface codes to be injected into the T block in a variable
number of batches nyaten, resulting in a time cost per dis-
tillation of 8 X 15npatcn (see Appendix C). The resulting
magic states are teleported into the computation using
a single layer of parallel ZZ PPMs between the factory
codes and the processor codes. Subsequent CZ fix-ups
on the processor codes are performed using two layers of
parallel ZZ or ZX measurements with the assistance of
up to 3P ancilla logical qubits [124], which could come
from e.g. the factory codes that are freed after the |CCZ)
teleportation. Assuming each layer of parallel two-body
PPMs can be implemented in parallel using, e.g. high-
rate surgery, the total time cost of gate teleportation and
fixups is therefore 37, = 2d, where d is taken to be 20
and 75 denotes the surgery cycle time. To reduce time
costs, for layers involving fewer than five Toffoli gates, we
delay the fixups until the next layer involving more than
five Toffoli gates, at which point they are performed at
negligible increase to the surgery system size. At each
step, the maximum possible number of Toffolis are im-
plemented, corresponding to either P (consuming a full
factory) or the number of remaining Toffoli gates in the
current Toffoli layer, whichever quantity is smaller. As
soon as the produced |CCZ) states are fully consumed,
another batch is produced and the computation proceeds.

25
2. Resource costs

We now estimate the space and time costs of this pro-
cedure for ECC-256 and RSA-2048 at different levels of
parallelism. The space cost is estimated from the sum
of three quantities: the processor size, the resource zone
size, and the operation zone size. As with the other ar-
chitectures, our total qubit count includes data qubits
and stabilizers in one basis (X or Z); see Extended Data
Table I. To estimate the processor size, we first com-
pute the total number of logical qubits which need to be
stored, given by the sum of the number of logical qubits
from the original compilation [34, 55] and the number of
ancilla logical qubits required for carry-lookahead addi-
tion, n — 2log(n), where n is the number of bits in the
adder [123]. We then divide by the encoding rate r for
the chosen P to estimate the corresponding number of
processor data qubits, from which we compute the to-
tal qubit count. For P < 600 (P > 600), we assume
processor encoding rates of r = 20% (r = 30%) based
on upcoming work [125]. Note that because we do not
specify the concrete block size, these numbers are cor-
rect up to rounding errors of one block, which are small
compared to the total qubit count.

For the resource zone, we require five factory blocks
each encoding P logical qubits which can be transver-
sally coupled (note that each factory block can be as-
sembled from smaller, independent code blocks). We as-
sume these codes have the same rate as the processor,
with the exception of P < 100, where we assume a lower
encoding rate of 4% to allow for transversal coupling of
smaller block sizes (e.g., the bbig code). We also require
P/npaten surface codes for |T) cultivation. Finally, we
estimate the operation zone size by noting that at most
6P logical qubits are operated on in parallel at once (cor-
responding to three blocks for the |CCZ) states, and 3P
processor logical qubits).

We estimate the required ancilla size as y(6P/r), where
~ is the ratio between the ancilla size for measuring a
layer of parallel PPMs and the size of the corresponding
codes. For reference, v~ 1-2 for d ~ 10 codes with X-
or Z-type measurements using high-rate surgery [52]. To
account for larger codes and more complex PPMs, we
consider v = 1-3 and plot results with v =2 in Fig. 3.
We further assume that the ancilla cost for injecting |T')
states during distillation does not exceed this bound. Be-
cause some physical qubits are freed up after the distilla-
tion factory terminates (including all of the surface code
qubits and two factory blocks), these extra qubits are re-
purposed for the operation zone for teleportations and
fixups, further reducing its total size. We re-emphasize
that the operation zone size is an estimate, and future
work can benchmark and optimize logical gadgets for
measuring parallel PPMs.

Now we estimate the space and time costs for a par-
allelism level P. For RSA-2048 we consider P = 100
and P = 1,160 for which we choose npaten = 2. For
ECC-256 we consider P =20 and P = 130, for which




we choose npaten = 1. In the main text, we assume
v =2. We estimate the range in space costs due to
surgery system size fluctuations by considering v = 1 and
~ = 3. This corresponds to approximate uncertainties of
67,00075000 qubits (P = 100) and 102,000 {50 qubits
(P = 1,160) for RSA-2048, and 19,00015000 (P = 20)
and 267000+56000 qubits (P = 130) for ECC-256. (The
lower bound for the final estimate is zero because the
space is dominated by the factory rather than code

surgery.) We compute the factor speedup compared
to the balanced architecture by comparing to the time
0235‘5 of the ripple-carry adder, given by % - 25n and

3 © 2 - 15n for non-controlled and controlled addition,
respectively. We take the ratio of these time estimates
with the depth of the carry-lookahead adder, and take
the average of the speedups for both controlled and non-
controlled adders. The associated space and time costs
are plotted in Fig. 3b-c in the main text.
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