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The Pinnacle Architecture: Reducing the cost of breaking RSA-2048 to 100 000 physical
qubits using quantum LDPC codes
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The realisation of utility-scale quantum computing inextricably depends on the design of practical, low-
overhead fault-tolerant architectures. We introduce the Pinnacle Architecture, which uses quantum low-density
parity check (QLDPC) codes to allow for universal, fault-tolerant quantum computation with a spacetime
overhead significantly smaller than that of any competing architecture. With this architecture, we show that
2048-bit RSA integers can be factored with less than one hundred thousand physical qubits, given a physical
error rate of 1072, code cycle time of 1 ps and a reaction time of 10 ps. We thereby demonstrate the feasibility
of utility-scale quantum computing with an order of magnitude fewer physical qubits than has previously been

believed necessary.

I. INTRODUCTION

Quantum computers offer the promise of efficient so-
lutions to currently intractable problems with the poten-
tial to allow breakthroughs in areas such as cryptogra-
phy [1], materials science and chemistry [2]. However,
due to the precision required and the significant levels of
noise that afflict all engineered quantum systems, this is
only possible if quantum computers are fault tolerant [3].
Fault-tolerant quantum architectures are therefore a cor-
nerstone of all efforts to build useful quantum computers.

Sophisticated fault-tolerant architectures have been de-
veloped based on the surface code [4-8]. However, these
suffer from a very high overhead, since they require hun-
dreds or thousands of physical qubits to encode a sin-
gle logical qubit with a low enough failure rate to allow
utility-scale computations. As a result, utility-scale quan-
tum computers based on such architectures are expected
to require at least one million physical qubits [8, 9]. Scal-
ing quantum hardware to this size poses formidable chal-
lenges [9]. Developing fault-tolerant quantum architec-
tures with lower overhead is therefore of the utmost im-
portance.

To meet this goal, we introduce the Pinnacle Architec-
ture. This architecture achieves substantial spacetime re-
ductions compared with prior state-of-the-art architec-
tures [8, 10] by reducing the space overhead relative to
surface code architectures without a commensurate in-
crease in time overhead. We realise these savings through
the use of processing units constructed from bridged
QLDPC code blocks equipped with modular, efficient gad-
gets for performing gates by generalised surgery [11].
We also introduce a new component—the magic engine—
which exploits the multiple logical qubits of QLDPC codes
to simultaneously support magic state distillation and
injection in a single code block, allowing for constant
throughput of high-fidelity magic states with low over-
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head. Moreover, we introduce Clifford frame cleaning as
a new method that allows for efficient parallelism of op-
erations across processing units. In particular, this allows
for parallel access to a quantum memory that can allow
for spacetime overhead reductions by enabling algorithms
to be parallelised by duplicating processing units while
keeping only a single memory. Scalability and hardware-
compatibility is also ensured through a modular structure
which ensures that connectivity between physical qubits
is only required on a length scale constant in the number
of logical qubits. We summarise the main features of the
architecture in Section II A and, after reviewing relevant
background concepts in Section III, we then provide a full
presentation of the general architecture Section IV, and a
specific instantiation in Section V.

We benchmark the performance of the Pinnacle Archi-
tecture by presenting a compilation to a standard appli-
cation: factoring 2048-bit RSA integers [7, 8]. With stan-
dard hardware assumptions (i.e., a physical error rate of
1073, code cycle time of 1 ps and reaction time of 10 ps),
we show that factoring can be achieved with fewer than
one hundred thousand physical qubits. This outperforms
the previous best result by an order of magnitude [8]. We
further show the broad applicability of the architecture
by showing that it allows for classically intractable in-
stances of the problem of determining the ground-state
energy of the Fermi-Hubbard model to be achieved with
tens of thousands of physical qubits, under the same as-
sumptions. Again, this amounts to an order-of-magnitude
improvement on the best prior end-to-end resource esti-
mates [12]. In addition to these results, we also apply our
compilations under alternative hardware assumptions to
provide optimised resource estimates applicable across a
range of hardware platforms. We summarise these results
in Section II B and present further details in Section VI.

Through the Pinnacle Architecture, we thus open the
door to utility-scale quantum computing on one hundred
thousand physical qubit devices. This has the potential to
significantly accelerate the timescale for commercialised
and impactful quantum computers.
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II. SUMMARY OF CONTRIBUTIONS
A. Pinnacle Architecture

The Pinnacle Architecture consists of:

« Processing Units consisting of bridged processing
blocks each constructed from a QLDPC code block
with an ancillary measurement gadget system [11].
An arbitrary logical Pauli product measurement can
be performed on the logical qubits of the unit in
each logical cycle.

Magic Engines consisting of a QLDPC code block
along with ancillary systems for injecting noisy
magic states. In each logical cycle, the magic en-
gine stores a high-fidelity magic state as it is in-
jected into a processing unit in parallel with host-
ing magic state distillation to prepare a high-fidelity
magic state for the next logical cycle. It thereby pro-
vides a high-fidelity magic state per logical cycle for
each processing unit to allow for universal quantum
computing.

Memory included as an optional component that al-
lows for especially low overhead quantum storage
in code blocks, which can be accessed by processing
units via ports.

Figure 1 shows how the Pinnacle Architecture is assem-
bled from these modules.

Compilation is performed via Pauli-based computa-
tion [13]. This allows for universal fault-tolerant quantum
computing on arbitrarily many logical qubits with a time
cost that scales with the 7" count.

Features of the Pinnacle Architecture include:

« Low Spacetime Overhead: The use of QLDPC codes
allows order-of-magnitude reductions in physical
qubit number compared with surface code archi-
tectures. This is achieved without the correspond-
ing increase in time overhead of the previous state-
of-the-art QLDPC code architecture—the bicycle ar-
chitecture of Ref. [10]-through the use of efficient
gadget systems that allow for arbitrary logical Pauli
measurements instead of only a subset of them. It
therefore substantially reduces the total spacetime
overhead compared to previous fault-tolerant archi-
tectures.

« Limited Connectivity and Routing: The architecture
requires only interactions between physical qubits
on the scale of a processing block, which is constant
in the number of logical qubits. This means that it
does not depend on all-to-all connectivity but in-
stead is implementable on hardware platforms that
support quasi-local connections between physical
qubits separated by a bounded distance. Moreover,

arbitrary quantum circuits can be performed effi-
ciently using a static configuration of processing
blocks without depending on long-distance routing.

« Modularity and Parallelism: Computations can be
separated across multiple processing units with lim-
ited connectivity between them, allowing compati-
bility with modular hardware. Efficient parallelism
of non-Clifford gates is also supported by introduc-
ing the new technique of Clifford frame cleaning to
supplement this modular structure. This technique
also allows parallel, read-only access to memory by
multiple processing units.

The Pinnacle architecture therefore offers a new alter-
native architecture that is both practical for implementa-
tion on a range of hardware platforms and significantly
more efficient than previous state-of-the-art alternatives.

B. Results

For concreteness, we present a specific instantiation
of the Pinnacle Architecture using the family of gener-
alised bicycle codes and the modular, efficient measure-
ment gadgets introduced in Ref. [11]. Based on compila-
tion to this instantiation, we present resource estimates
for two benchmark applications.

First, we consider determination of the ground state
energy of the Fermi-Hubbard model via plaquette Trot-
terisation [14]. As shown in Fig. 2, we achieve order-of-
magnitude reductions in physical qubit number relative to
the best available end-to-end surface code analysis [12].
For example, we find that at a lattice size of L = 16 (with
a coupling strength of u/7 = 4), only 62 thousand physi-
cal qubits are required at a physical error rate of p = 1073
and only 22 thousand at p = 10~*. This compares with
940 thousand and 200 thousand, respectively, in Ref. [12].
We achieve these results while maintaining a modest run-
time per shot of 1-4 minutes with microsecond code cycle
times or 1-3 days with millisecond code cycle times.

Second, we analyse factoring RSA integers using an al-
gorithm based on that of Ref. [8]. Fig. 3 shows the required
physical qubits and runtime to factor a 2048-bit integer for
different code cycle times and physical error rates. With
standard assumptions of a physical error rate of p = 1073
and a code cycle time of 1 ps and a 10 s reaction time (see
Section III for definitions of these timescales), factoring is
possible with fewer than one hundred thousand physical
qubits, compared with the previous best result of close to
one million physical qubits [8]. Moreover, through par-
allelising the algorithm, we achieve an efficient spacetime
trade-off that allows for low overhead factoring in feasible
runtimes even with longer code cycle times. For example,
with a code cycle time of 1 ms, factoring can be completed
in one month with 3.1 million physical qubits at a physi-
cal error rate of p = 10~* (typical of trapped ions [15]) or
with 13 million physical qubits at a physical error rate of
p = 1073 (typical of, for example, neutral atoms [16]).
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(a) Example of the Pinnacle Architecture with one processing unit and approximately one hundred thousand physical qubits.

o

O MEMORY (62kq)

O PROCESSING UNIT (10kq)

O MAGIC ENGINE (2kq)

(b) Example of the Pinnacle Architecture with 81 processing units and approximately one million physical qubits.

FIG. 1. Examples of the Pinnacle Architecture. These two examples represent specific examples of different space-time trade-offs and
code block choices, optimised for RSA-2048 factoring in different hardware regimes. Example (a) allows factoring in one month with
a physical error rate of p = 10~> and a code cycle time of ¢, = 1 ps. Example (b) allows factoring in three months with a physical
error rate of p = 107* and a code cycle time of ts = 1 ms. Shorter runtimes can be achieved by adding more processing units,

increasing paralellisation at the cost of additional physical qubits.
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FIG. 2. Physical qubits required for determining the ground
state energy of the Fermi-Hubbard model on an L x L lattice
to 0.5% relative precision. Surface code values correspond to the
minimum quoted number of physical qubits with u/7 = 4 in
Ref. [12].

We therefore conclude that the Pinnacle Architecture
can be used to achieve utility-scale quantum computation
with significantly reduced overhead across multiple appli-
cations and a range of hardware regimes.

III. BACKGROUND

In this section we review concepts of fault-tolerant
quantum computation with QLDPC codes.

A. Code Blocks

A code block is an instantiation of an [n, k, d] quan-
tum error-correcting code. Error correction is facilitated
by repeatedly performing a syndrome extraction circuit
on the code block. This circuit involves measuring a set of
parity check operators, which collectively yield an error
syndrome. This is done with the use of n. ancilla qubits; in
each code cycle, each of these is entangled with the code
qubits in accordance with one of the parity check opera-
tors and then destructively measured. A code block there-
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FIG. 3. Optimal expected runtime for factoring an RSA-2048 integer on the Pinnacle Architecture as a function of the number of
physical qubits and the code cycle time at physical error rates of (a) p = 1072 and (b) p = 10~*. White areas indicate insufficient
physical qubits to implement the algorithm. The reaction time in all cases is assumed to be equal to ten times the code cycle time.



fore requires a total of n., = n + n. physical qubits. In
order to ensure robustness against measurement errors,
the results of d; = ©O(d) code cycles must be combined
to yield a reliable error syndrome; this is referred to as a
logical cycle.

We assume the use of QLDPC codes [17, 18]. These are
defined by having low parity check operator weights and
qubit degrees (i.e., the number of parity checks supported
on each qubit). Precisely, these check weights and qubit
degrees are bounded by a constant independent of the
code distance. This ensures that syndrome extraction cir-
cuits can have constant depth, and therefore be fault tol-
erant. The most widely used QLDPC codes are distance-d
(rotated) surface codes [4], which are [d?, 1, d] codes with
n. = d? — 1 parity checks which have weight at most four
and require only nearest-neighbour interactions. Surface
code blocks therefore use 2d>— 1 physical qubits to encode
one logical qubit. However, by relaxing the requirement
of nearest-neighbour interactions, more general QLDPC
codes can allow for many logical qubits to be encoded
in a single code block. This can allow for significant re-
ductions in the overhead of physical qubits required per
logical qubit [18]. The required non-local interactions are
supported on a range of hardware platforms [19-23].

B. Processing Blocks

To allow for fault-tolerant quantum computation, in-
stead of only passive storage of quantum information, the
concept of a code block must be generalised to a process-
ing block. A processing block allows for logical operations
to be implemented on its encoded logical qubits.

A QLDPC code block can be turned into a processing
block by appending a measurement gadget system that al-
lows for generalised lattice surgery [24-26]. This construc-
tion ensures that the combined code block-gadget system
constituting the processing block remains a QLDPC code,
while also ensuring that measuring a selected Pauli logi-
cal operator of the code is equivalent to the product of a
set of parity check measurements on the gadget system.
This allows for a logical Pauli to be measured in parallel
with error correction within a logical cycle by performing
amodified circuit for syndrome extraction on the full pro-
cessing block [27]. Arbitrary logical Pauli measurements
can then be performed across multiple processing blocks
by bridging the gadget systems of these blocks [28, 29].
The number of physical qubits in the processing block is
given by ny, = nep, +ng +np, where ng is the number of
physical qubits in the gadget system and ny, is the number
of physical qubits used to bridge it to another processing
block.

C. Pauli-Based Computation

When combined with injected magic states, logical
measurements across bridged processing blocks support
universal quantum computation on the encoded logical
qubits using Pauli-based computation [13]. Indeed, a
quantum circuit on k£ qubits with a T" count of 7 and any
number of Clifford gates can be performed using 7 + &
Pauli measurements and one |T') state for each of the first
T measurements [6]. More generally, if the circuit also
contains o intermediate Pauli measurements on which
later operations adaptively depend, then the circuit can be
performed using 7 + x + o Pauli measurements without
any additional |T") states. This implies that such a circuit
can be performed fault-tolerantly using [x/k] [n, k,d]
bridged processing blocks in 7 + k + o logical cycles.

The compilation which allows for this implementation
follows that presented in Ref. [6]. First, each T gate is re-
placed by a magic state injection circuit, which requires
one Pauli measurement with support on the processing
block. Then, all Clifford gates are commuted through to
the end of the circuit and absorbed into the final measure-
ment of each of the x qubits. This is done using the rule
that the Pauli defining the basis of each measurement is
transformed by conjugation by each Clifford that either
passes through it or (in the case of the final measurements)
that it absorbs. By definition, Clifford gates map Pauli op-
erators to Pauli operators under conjugation, so the re-
sulting circuit consists of 7 + k 4 o Pauli measurements,
along with a |T') state for each T gate, as required.

D. Relevant Timescales

There are three relevant timescales that we use in the
determination of the runtime of a fault-tolerant quantum
circuit. First, there is the code cycle time t., which is the
time required for the completion of one code cycle (i.e.,
one round of syndrome extraction). This time is hardware-
dependent, with typical estimates for different platforms
ranging from 1 ps to 1 ms [16, 22, 30-32]. Second, there
is the logical cycle time ¢;, which is the time required for
one logical cycle. Since a logical cycle consists of d; code
cycles, this is related to the code cycle time by t; = d;t..

Finally, there is the reaction time t,. [7]. This is defined
as the minimum time between the start of one logical mea-
surement, M and the start of any subsequent measure-
ment whose basis depends adaptively on the outcome of
M. The reaction time is dependent on the classical con-
trol system of the quantum hardware. For simplicity, we
assume throughout that the reaction time is equal to ten
times the code cycle time, i.e., ¢, = 10¢.. Since t. > 1 ps
for all resource estimates we present, this implies that the
reaction time always exceeds the conventionally-assumed
minimum value of 10 s [7]. With this reaction time, our
architecture is not reaction-limited provided that d; > 10
for all code blocks, which is true for all resource estimates



we present.

IV. THE PINNACLE ARCHITECTURE

In this section we present the Pinnacle Architecture, a
low-overhead, modular and parallelisable quantum com-
puting architecture based on QLDPC codes. We begin by
presenting the modules that constitute the architecture—
processing units, magic engines and memory—and then
describe the overall operation, structure, and scalability
of the architecture.

A. Modules
1. Processing Units

The primary modules of the architecture are process-
ing units. A processing unit uses /3 processing blocks of
an [n, k, d] QLDPC code to allow fault-tolerant quantum
computation on « := Sk logical qubits. These processing
blocks can be arranged in a line with bridges connecting
nearest-neighbour blocks. This allows for the measure-
ment of an arbitrary logical Pauli operator, supported on
any or all of the logical qubits in the processing unit, in
each logical cycle.

2. Magic Engines

To allow for universal computation, we introduce a
new module, which we refer to as a magic engine. A
magic engine allows magic states to simultaneously be
produced and consumed to provide a continuous through-
put of magic states to an associated processing unit.

Specifically, each processing unit is equipped with one
magic engine. The magic engine produces one encoded
|T) magic state in each logical cycle, and is also bridged
to its associated processing unit to allow a joint measure-
ment with that unit in parallel with state production. This
is intended to ensure that in each logical cycle there is a
magic state available for the processing unit to consume
(i-e., the state produced in the previous logical cycle).

A magic engine can be constructed from an [n., k., d.]
QLDPC code block as follows. Partition the logical qubits
of the code block into two halves, which we label the left
(L) and right (R) logical sectors. In odd-numbered logical
cycles, a magic state is produced by performing a magic
state distillation circuit consisting of a sequence of magic
state injections. These are implemented by joint logical
measurements on the logical qubits of the L logical sec-
tor and small ancilla systems that hold noisy |T') states.
The result is that the first logical qubit of the L logical
sector is in an encoded |T') state at the end of the logical
cycle. In parallel, a magic state is consumed from logical
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FIG. 4. Structure and operation of a magic engine. Magic state
distillation is applied on one logical sector of a QLDPC code
block using noisy |T') states injected from ancillary systems. In
parallel, an arbitrary Pauli measurement on the processing unit
joint with Z; on the other logical sector injects an encoded |T')
state that was distilled in the previous logical cycle.

sector R by performing a logical measurement of an ar-
bitrary logical operator on the processing unit joint with
Z on the first logical qubit of R. This allows for the in-
jection of the |T') state to perform arbitrary % Pauli rota-
tions on the processing unit. To complete the injection, an
X measurement is also required on the first logical qubit
of R; a change of basis can be performed between log-
ical cycles to allow that logical qubit to be offline while
it is performed in parallel with the next logical cycle. In
even-numbered logical cycles, the roles of the two logical
sectors are swapped.

Since magic state distillation relies on post-selection,
for each logical cycle there is some probability p,. that the
state produced by the magic engine is rejected. When this
happens—and if a magic state is required for the next log-
ical cycle—the processing unit can be left idle for the next
logical cycle to allow for a new magic state to be prepared.
This causes the expected number of logical cycles required
per T gate to increase from 1 to o = (1 — p,.) L. The dis-
tillation protocol should be chosen such that p, is small to
ensure that this effect is also small.

3. Memory

The architecture can also include memory. This is op-
tional, but it is useful in cases where a large number
of logical qubits must be stored but not processed. It
consists of v code blocks of an 1, km, dn] quantum
error-correcting code encoding i = vk, logical qubits.
Since these logical qubits are not processed, full process-
ing blocks are not required. However, to facilitate rear-
rangement of the memory, we ensure that each code block
has n,,, ancilla qubits (including those used for syndrome



extraction). This means that the memory consists of a to-
tal of 2vn,,, physical qubits.

Memory is accessed by processing units via ports. To
facilitate this, we partition the logical qubits of the mem-
ory into sets of size w, which we refer to as windows. For
simplicity, we enforce the condition that each window is
contained within a single code block; this implies that w
divides k,, such that there are a total of vk,,, /w windows.
Each port is associated with one window and consists of
a gadget that allows for arbitrary logical Z-type measure-
ments on the w logical qubits of that window. Bridging a
processing unit to a port then allows for any circuit with
arbitrary gates on the processing unit and controls on
the w logical qubits of the memory window to be imple-
mented (via Pauli-based computation). This is sufficient
to allow read-only access to that window of memory by
the processing unit [33]. More generally, we can assign a
port to any subset of the windows of the memory. Pro-
vided the gadgets constituting each of these ports allow
for arbitrary logical Z measurements to be performed in
parallel, this can allow for up to vk, /w processing units
to access the memory in parallel.

For each processing unit to access the full memory, the
memory code blocks must be permuted. To ensure that
this does not require arbitrary routing, we impose the con-
straint that each code block is to be shifted by at most one
position per logical cycle. We may then perform the re-
quired permutation without requiring connectivity on a
longer scale than the size of a code block as follows. The
v memory code blocks are arranged such that the ith and
(i 4+ 1)th (mod v) code blocks are adjacent for 1 < i < v
(e.g., in a loop). A cyclic shift of memory code blocks is
performed by physical SWAPs of the jth data qubit in code
block ¢ with the jth ancilla qubit in code block ¢ + 1 (mod
v)yforl < i <vandl < j < n, followed by a (local)
SWAP of the jth data qubit and jth ancilla qubit in each
code block. Since such a circuit requires only one layer
of non-local gates confined to the scale of a code block,
whereas a QLDPC syndrome extraction circuit generally
requires many such gates, we assume that this rearrange-
ment can be completed during a code cycle and so its time
cost is negligible. By applying v of these cyclic shifts over
aperiod of at least v logical cycles, every window of mem-
ory can be accessed by each processing unit.

B. Operation

We now consider how the architecture operates while
performing a quantum computation. To aid understand-
ing, we start with a simplified baseline operation (Sec-
tion IV B 1) and incrementally build up to the most general
operation (Section IV B 4).

1. Serial Operation

As a baseline, let us first consider a serial mode of op-
eration. In this mode, there is a single processing unit
with x logical qubits (and, for simplicity, we assume there
is no memory). During each logical cycle, a joint logical
Pauli measurement is performed on the processing unit
and magic engine. In parallel, the magic engine produces
a magic state for the next logical cycle. Accounting for
a magic engine reject rate of p,, this allows for an arbi-
trary Clifford+T circuit on x qubits with a 7" count of 7
and o intermediate measurements to be performed fault-
tolerantly in an average of 7/(1 — p,) + k + o logical
cycles.

2. Fully Parallel Operation

As a next step, we can consider the case of implement-
ing a circuit that can be completely separated out into
two or more independent circuits. In this context, we
can separate the architecture up into a separate process-
ing unit for each independent circuit and perform all the
circuits in parallel. This reduces the number of logical
timesteps required from 7/(1 — p,.) + k + o to approx-
imately max; (Ti/(l —pr) K + Oi) where 7;, k; and
o0; denote the number of 1" gates, logical qubits and in-
termediate logical measurements in the ¢th independent

circuit. This expression omits an O ( max; (Tl)) cor-

rection arising from variance in the proportion of magic
states rejected in different processing units across the du-
ration of the circuit. Since we are interested in circuits
where the T count is large, we assume this correction is
negligible.

An example of where this mode could be used is in im-
plementing multiple shots of an algorithm in parallel. In
this context, it can be considered a way to use a greater
number of qubits to reduce the runtime compared to when
all shots are performed in series.

3. Flexibly Parallel Operation

More common and general is the case where a circuit
can be implemented partially in parallel. In such a circuit,
no subset of logical qubits is entirely separable from the
rest, but significant parts of the circuit involve operations
on disjoint registers of logical qubits. A conventional cir-
cuit implementation would allow such parts of the circuit
to be performed in parallel on the disjoint registers. We
now show how this can be done in the Pinnacle Architec-
ture.

Parallelism of this kind is inherently challenging with
Pauli-based computation because of the effect of commut-
ing Clifford gates through to the end. To see this, consider
the case of a Clifford frame at a given point in the circuit



(i.e., the product of Clifford gates up to that point) that
corresponds to an entangling gate between two process-
ing units. Then, as Cliffords are commuted through the
circuit the supports of the logical measurements on one
processing unit will spread out to straddle both. In partic-
ular, this means that a logical measurement correspond-
ing to a |T') state injection—required to perform a T’ gate
on either processing unit—comes to have support on both
units. Since each processing unit only allows one logical
measurement per logical cycle, this implies that a T' gate
on a logical qubit on one processing unit cannot be per-
formed in parallel with a T' gate acting on a logical qubit
of the other processing unit.

Parallelism therefore requires that the Clifford frame
acts as a tensor product across the units which are to be
parallelised. One way to achieve this (following Ref. [34])
could be to perform CNOT gates that entangle processing
units physically using additional logical measurements, so
that they can be excluded from the Clifford frame. How-
ever, this approach leads to a time cost that scales with
the number of CNOT gates, which can quickly cause the
benefits of parallelism to be erased. In particular, it per-
forms poorly in the common setting where one part of the
circuit is highly parallelisable but another is not, since the
cost of parallelising the former part scales with the num-
ber of entangling gates in the latter part.

We instead propose a more flexible alternative that al-
lows for parallelism when it is beneficial but avoids the
cost of physically implementing every CNOT gate. To de-
velop this approach, we introduce the technique of Clif-
ford frame cleaning. Precisely, let K be a set of logical
qubits and K’ C K be a subset of |K” of these logi-
cal qubits. If C is a Clifford frame acting on K, cleaning
C off K’ means physically performing a Clifford U such
that CU acts trivially on K’. We show in Lemma 1 that
this can be done using at most 4 |K’ | logical Pauli product
measurements on K.

Harnessing this tool, our flexible parallelism frame-
work is as follows. We consider processing units to auto-
matically be joined into larger units at any point in the cir-
cuit where there is an entangling gate between the units.
From that point on, 7" gates and logical measurements on
any of the constituent processing units of this joined unit
are assumed to require joint logical Pauli product mea-
surements across the entire joined unit, meaning that only
one such gate can be implemented on the joined unit per
logical timestep. At any later time, we can then separate a
processing unit (with x logical qubits) from a joined unit
by cleaning the Clifford frame off the joined unit, at a cost
of at most 4« additional logical timesteps. From then on,
logical measurements on the separated unit can again be
performed in parallel with the unit it was separated from.
This process is shown in Fig. 5.

This framework allows for processing units to be joined
during parts of a circuit in which many inter-unit gates
occur, but then to be separated again (at a relatively small
cost) for parts of the circuit that are more amenable to par-
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on the joined processing units.

k logical qubits k logical qubits

Measure Measure
C1P,.Cl Cy Pl

Clifford Frame: C:'1 X 5’2

(d) After Clifford frame cleaning is completed, the two
processing units are separated again, allowing parallel
measurements to resume.

FIG. 5. Process of joining and separating processing units with
Clifford frame cleaning to allow for flexible parallelism.



allelisation. The choice of if and when to separate units
can be specifically optimised for compilation of any par-
ticular circuit, with the potential for significant time sav-
ings compared to either a fully serial approach or an ap-
proach that depends on physical implementation of all
inter-unit entangling gates.

4. General Operation

The final step to our fully general operation is to op-
tionally incorporate the memory. Recall that each pro-
cessing unit accesses memory via a port. We allow for
read-only memory access, which requires only gates that
act as a control on the port and a target on the processing
unit [8, 33]. This means that the access can be provided
by using logical CNOT gates with controls on the logical
qubits in a port and targets on ancillary logical qubits in
the processing unit to fan out memory data onto the pro-
cessing unit at the start of the access and fan in at the end
of the access. Since such operations commute, arbitrarily
many processing units can access the memory in parallel,
provided they each have ports with measurement gadgets
that can be used in parallel.

Implementing memory access on the Pinnacle Archi-
tecture uses the same concepts of joining and separating
units presented in Section IV B 3. Specifically, when a pro-
cessing unit accesses a window of the memory, the port
associated with that window is joined onto the process-
ing unit by the logical CNOTs which implement the fan-
out. Since no entangling gates act within the memory,
these ports can always be assumed to be separate from
one another. Moreover, as all gates between a port and
processing unit act as controls on the port, commuting
through the Clifford frame only gives rise to Z-type log-
ical measurements on the port. When the access is fin-
ished, the Clifford frame is cleaned off the port such that
the port can be separated from the processing unit again.
As shown in Lemma 2, this requires only 2w logical cy-
cles for a port of w qubits. This ensures that subsequent
logical measurements on the processing unit act trivially
on the memory logical qubits, enabling subsequent access
by different processing units.

C. Scalability

The architecture is designed to ensure that its opera-
tion remains feasible at large scale. Specifically, because
the processing units are assembled from individual pro-
cessing blocks that are all connected via bridges between
nearest neighbours, logical operators with support across
any subset of processing blocks in a processing unit can be
measured using connections between physical qubits that
are restricted to the scale of one processing block. This
means that arbitrarily large processing units supporting
arbitrarily many logical qubits can be realised with phys-

ical connections of constant scale. For example, in a two-
dimensional arrangement of qubits, this scale is approxi-
mately the square-root of the size of the processing block
N

This means that the architecture can be supported even
on hardware platforms that only support interactions
whose fidelity decreases continuously with the interac-
tion distance. Moreover, it means that no routing of log-
ical qubits across the architecture is required. Instead, all
changes between logical cycles required to support differ-
ent logical operations are confined to the scale of a pro-
cessing block. As discussed in Section V A, code choice
and gadget design can minimise the dynamism required
even on this scale to be very limited. In summary, the sig-
nificant overhead reductions supported by QLDPC codes
can be realised with interactions and rewiring confined to
a fixed scale, which can be chosen to be consistent with a
given hardware platform.

The further modularisation of the architecture into pro-
cessing units provides an additional benefit. Specifically,
feasibility limitations are expected to require large-scale
quantum computers on many hardware platforms to be
assembled from smaller modules [9, 10, 35]. This opens up
an opportunity for hardware and architecture co-design
that can be realised by associating these hardware mod-
ules with processing units of the Pinnacle Architecture.
This is beneficial because it aligns compilation impera-
tives with hardware constraints. Gates between hard-
ware modules should be minimised since they are likely to
have poorer performance than intra-module gates, while
gates between processing units should also be minimised
to maximise parallelism.

D. Structure

The only constraint on the assembly of the architecture
is that modules that are joined together at any time must
be connected in the architecture. This ensures that these
modules can be bridged, and therefore logical measure-
ments are possible across them, without requiring long-
distance transport. In particular, this means that each pro-
cessing unit must be adjacent to its associated magic en-
gine and—if a memory is present—a port of memory. If
a set of processing units is to be joined, these processing
units should also be adjacent to each other.

The structure of the architecture for different example
instantiations is shown in Fig. 1.

V. INSTANTIATION OF THE ARCHITECTURE

In this section, we present a specific instantiation of
the Pinnacle Architecture using a family of generalised
bicycle (GB) codes, along with numerical simulation re-
sults used to determine the logical error rates that can be
achieved for different of code distances and physical error



rates.

A. Setup

GB codes are defined by a lift [ € N and sets A, B C
Z; [36]. They have n = 2[ physical qubits which can be
divided into two sectors of [ physical qubits each, which
we label L and R. The parity check operators of the code
are then

Sxi = [ Xv+are [] X+0).5: 1)
a€A beB

Sz;= H Z(j—a),R H Zi—v),L- (2)
acA beB

Here, the first subscript on each operator denotes the po-
sition of a qubit within the sector and the second denotes
the sector. For any o € Z;, a cyclic shift of all physical
qubits by o sites preserves the group of parity check op-
erators, making it a qubit automorphism.

We construct code blocks from the specific family of
GB codes presented in Ref. [11], first explored in Ref. [37].
These codes have weight-six parity check operators and
require only simple, relatively short-distance transport
patterns for syndrome extraction. The code family is pa-
rameterised by an integer m > 3, and defined by choos-
ing the lift to be [ = 2™ — 1, as well as the sets A
and B such that the polynomials A(z) = > ., 2* and
B(z) = Y, 2" generate the parity check matrices of
the classical simplex codes. Classical simplex codes have
parameters [2™ — 1,m,2™ "] [38]. We conjecture that
the GB codes constructed in this way have parameters
[2(2™ — 1),2m,m + (m — 4)?]. We present explicit in-
stances for the first five codes in the family in Table I.

For these codes, we empirically find that performance
is improved by allowing for slightly more rounds of syn-
drome extraction than the code distance. Guided by this
observation, we choose to use d; = d + 2 code cycles per
logical cycle.

The code blocks are extended to processing blocks by
supplementing them with the gadget system presented
in Ref. [11]. This gadget system consists of four gadgets
which correspond to four seed operators chosen such that
all logical Pauli operators are products of cyclic shifts of
the seed operators. In particular, the k logical qubits of
each codes naturally divide into two logical sectors (L and
R) with k/2 logical qubits in each such that one X-type
and one Z-type seed operator suffice for each logical sec-
tor. Constructing, bridging, and shifting four gadgets ca-
pable of measuring each of the seed operators therefore
suffices to measure arbitrary logical Pauli operators on a
code block. This means that only minor alterations are re-
quired to allow the same syndrome extraction circuit to
measure any logical Pauli operator. Four bridges are also
included per processing block; three are used to bridge the
four gadgets within the block, while the fourth is used to
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bridge the last gadget of the block to the first gadget of
the next block.

Therefore, letting n, be the number of physical qubits
per gadget and n, be the number of physical qubits per
bridge, and accounting for n. = n check qubits, the total
number of physical qubits per processing block is given

by:
Npp = Nep + 4ng + 4ny,. (3)

The values of these parameters are provided in Table 1.

These gadgets can also be used to measure certain sets
of logical operators in parallel (i.e., in a single logical cy-
cle) via the inclusion of duplicate gadgets. Specifically, a
set of m logical operators P, ... P,;, can be measured in
parallel by using a different copy of the gadget to measure
each, provided they commute on every physical qubit.
This qubit-wise commutation condition ensures that the
check operators from different gadgets all commute. Con-
necting m gadgets to the same code block can increase
code check weights and qubit degrees in places where
multiple gadgets are joined to the same qubit or check.
In theory, this increase can be by up to m but, with in an
appropriately chosen basis, it is typically significantly less
than this. If necessary, a small number of ancillary qubits
can also be used to reduce check weights and/or qubit de-
grees [25, 39].

B. Modules
1. Processing Units

Using [ processing blocks constructed from the GB
code family introduced above (for any 5 € N), we can
encode k = [k logical qubits in Sn,, physical qubits.
Specifically, with a code distance of d = 16, we can en-
code 14/ logical qubits in 8604 physical qubits. For better
protection, we can instead use a code distance of d = 24
and encode 16/ logical qubits in 1620/ physical qubits.

2. Magic Engines

We construct each magic engine from code blocks of
the same GB code family as those used for the processing
blocks. These blocks naturally have the required L and R
logical sectors, with k/2 > 5 logical qubits in each sector
when d > 10.

We use 15-to-1 magic state distillation on these code
blocks to produce encoded |T") magic states [40]. Follow-
ing Ref. [41], this can be done using fifteen auto-corrected
Z-type /8 rotations, followed by four logical X-type
measurements used for post-selection. Each of these ro-
tations is implemented by injecting a noisy |7') from a
bridged pair of small ancillary [n,, 1,d,] codes. The |T)
state is prepared in the first of these codes using stan-
dard techniques (e.g., using a post-selected state injection



11

TABLE 1. Instances of the family of generalised bicycle codes. For each code, the parameters [n, k, d] are provided, along with the
number of code cycles per logical cycle, d¢ = d+ 2. The codes are defined by [, A, and B, alongside Eq. (1) and Eq. (2). The remaining
columns show the number of physical qubits in their code blocks, gadgets, bridges and processing blocks. See Ref. [11] for more

details.

[, &k, d] dy l A B Code Block Qubits | Gadget Qubits | Bridge Qubits| Processing Block Qubits
(d+2) (nep = 2m) (ng) (np) (npp = Nep + 4ng + 4ny)

[30,8,4] | 6 |15] {0,6,13} | {0,1,4} 60 13 7 140

[62,10,6] | 8 |31] {0,6,15} | {0,5,7} 124 19 11 244

[126,12,10]| 12 |63 | {0,4,37} | {0,29,49} 252 31 19 452

[254,14,16]| 18 [127|{0,32,100}| {0, 28,49} 508 57 31 860

[510,16,24]| 26 |255] {0,39,55} |{0, 70, 127} 1020 99 51 1620

circuit [42] or, if necessary to increase the input state fi-
delity, zero-level distillation [43, 44] or magic state culti-
vation [45, 46]). The second of the codes provides an ancil-
lary logical qubit for auto-correction, to account for Clif-
ford corrections from the state injection. Parallel joint log-
ical measurements (repeated d,, times) between the L log-
ical sector of the GB code and the first ancillary code, and
between the two ancillary codes, are performed by gen-
eralised surgery, followed by destructive measurements
of the ancillary codes, to implement the auto-corrected
injection circuit presented in Fig. 13c of Ref. [41]. Paral-
lel X-type measurements (repeated r times) are then per-
formed on qubits 25 of the L logical sector and the state
rejected if any of these four measurement results is —1.

The physical qubits that must be accounted for in this
protocol are the GB code block itself (n.), sixteen gadgets
used to perform up to sixteen logical measurements in
parallel (16n), fifteen pairs of ancillary [n,, 1, d,] codes
from which states are injected (2 x 15(2n, — 1)), fifteen
pairs of bridges used to connect these ancillary codes to
each other and to the GB code block and (if necessary)
ancillary qubits (n,,) used to reduce the infidelity of input
states (e.g., by magic state cultivation). The total overhead
of the magic engine is therefore given by
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The protocol produces output |T) states of fidelity pr,
which can be arbitrarily close to 35p} with a rejection
rate of approximately 15pi,, where pjj, is the infidelity of
the input noisy states [41]. Specifically, to achieve this
we require that the distance of the QLDPC code block, d.,
is large enough that the logical error rate of the QLDPC
code block is < pr. Hence, the contribution to the out-
put fidelity from logical errors in the QLDPC code block
is negligible. We also require that r is large enough that
the logical error rate of each X -type logical measurement
is < pr/pin, so that the probability of an error in a sin-
gle Z rotation both occurring and failing to be detected is
negligible. Finally, we require that d,, is large enough that
the logical error rate of each ancillary code is < piy, so
that the contribution to the probability of errors in each Z
rotation from logical errors during state injection or auto-
correction is negligible. The protocol completes within
the required time of one logical cycle (¢; = d,t.) provided

Nme = Nep + 1605 + 60(ng + dg — 1) + nq.

that d, +r < d;.

In practice, for the applications in Section VI, an out-
put fidelity of pr ~ 107!! is sufficient, which is achiev-
able provided with an input magic state infidelity of
Pin = 10_4~

For a physical error rate of p = 10~%, the desired out-
put fidelity can be achieved by a state injection circuit into
a colour code with post-selection [42]. Since this proto-
col takes only d, + 1 colour code cycles for a distance-d,
colour code, it can be attempted multiple times for each
colour code, which—given the post-selection acceptance
rate of 2%—makes the probability of failure to produce
the required states in each logical cycle negligible. This
means that we can assume the overall rejection rate of
the magic engine to be p, = 15p = 0.15%. A distance
of d, = 5 for the pair of ancilla codes suffices to achieve
the requirement of a logical error rate much smaller than
Pin [47]. Using the results of Section V C, GB code blocks
of distance d. = 10 and r > 7 rounds of X-type mea-
surements also ensure a sufficiently low logical error rate
from the QLDPC code and completion within one logi-
cal cycle for processing block codes of d > 10 [48]. With
these considerations, the total physical qubit count for the
magic engine in this case is 7, 19—+ = 2128.

For higher physical error rates, the input magic state
can be prepared in a rotated surface code using fold-
transversal cultivation [46]. In particular, we consider the
case of p = 1073 and d = 24 processing blocks. In this
case, d, = 9 rotated surface codes are sufficient for a logi-
cal error rate much smaller than p;,, [49]. Fold-transversal
cultivation into such codes can be performed to prepare
states with an infidelity of p = 10~ with a success rate
of approximately 2/3. Post-selection on the final surface
code requires only three code cycles [46] and there are
dy — dg = 17 code cycles during which injection into the
GB code is not taking place. Hence, the preparation can
be attempted five times, meaning that at least one suc-
cess on each of the fifteen required surface codes with a
probability of (1 — 1/3%)15 = 94%. By comparison, the
magic state distillation reject rate of 15p;, = 0.15% is
negligible, so we can assume that the overall reject rate is
pr = 6%. To provide a sufficient throughput of cultivated
states that can be escaped into these codes, two copies of
a 25 physical qubit ancilla system are required per sur-




face code [46], leading to an additional ancilla overhead
of n, = 2 x 15 x 25 = 750. As shown in Section V C, GB
code blocks of distance d. = 24 also satisfy the require-
ment of a logical error rate much smaller than pr. We also
find that » > 13 rounds of logical X type measurements
suffice to achieve a logical error rate from these measure-
ments of < pr/pm = 4 X 10~7. This ensures that the
protocol completes within a d = 24 GB logical cycle of
d; = 26 code cycles. With these considerations, the total
physical qubit count for the magic engine in this case is
nme’lo—s = 8694.

3. Memory

For the memory, we use the same code blocks as are
used for the processing blocks. For simplicity, we match
the window size with the number of logical qubits in a log-
ical sector, k/2. Each port then corresponds to one of the
Z-type gadgets used in the gadget system of the process-
ing blocks, along with a bridge to connect to a processing
unit. The logical operators that must be measured to ac-
cess the memory commute on every physical qubit and
so can be measured in parallel, as they act across disjoint
processing units and act only as Z-type operators on the
memory. Moreover, since each memory code block has at
most two ports, these measurements increase the check
weight and qubit degree by at most two.

Referring to Table I, the additional number of physical
qubits per portis ng+ny = 88 atd = 16 or ng+n, = 150
at d = 24. Hence, for any v € N, we can encode 14v
logical qubits in memory such that p processing units can
access it in parallel with 508v + 88p physical qubits at
d = 16 or 16v logical qubits in memory with 1020v4-150p
physical qubits at d = 24.

C. Simulation Results

To assess the logical error rates achievable with dif-
ferent code choices, we perform numerical simulations
of both memory and logical measurements by gener-
alised surgery. These are performed for one logical cycle
(dy = d+2 rounds of syndrome extraction) with standard
circuit-level depolarising noise. For memory experiments
we instead simulated d rounds of syndrome extraction and
rescaled the logical failure rates by (d 4 2)/d. Circuits for
the memory simulations are constructed as in Ref. [37],
while circuits for the surgery simulations are constructed
using integer linear programming [50]. We perform un-
correlated (only X-type detectors) most-likely error de-
coding by converting the decoding problem into a mixed
integer program and allow the solver to obtain an optimal
solution. Results of these simulations are shown in Fig. 6.

We assume each point is binomially distributed and use
maximum likelihood estimation to fit the points to the
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FIG. 6. Simulation results to determine logical error rates per
processing block (of k logical qubits) per logical cycle of the
Pinnacle Architecture using GB codes of different distances and
across different physical error rates. Solid markers show results
for X -basis memory experiments decoded with most-likely er-
ror decoding. Hollow markers show results for logical measure-
ments by generalised surgery; data was collected for the d = 4,
d = 6 and d = 10 codes at the same physical error rates as
for the memory experiments. Highlighted regions are 99% con-
fidence intervals for the memory experiment data points. The
solid and dashed lines are fits of the ansatz in Eq. (5) to the mem-
ory experiment data and logical measurement data respectively.
We emphasise that ansatz parameters are independent of dis-
tance (i.e., the same equations are used for all codes), which al-
lows for extrapolation of the collected data across the code fam-

ily.

sub-threshold ansatz
¢+C
p
prev(p,d) = A <B> : ()
Here p;, is the total logical failure rate for all k logical
observables over d; rounds. It follows from this that the
error rate per logical observable and logical cycle is given

by

44+C

The fitted parameters for the ansatz with 95% confidence
intervals are given in Table II. Table III shows the logical
error rates per logical qubit per logical cycle derived from
this ansatz for each of the GB codes considered at physical
error rates of p = 1073 and p = 1074,

We emphasise that the purpose of these simulation re-
sults is to benchmark the capabilities of the architecture
and guide code distance choice for resource estimation.
This informs the decision to use most-likely error decod-
ing which correctly decodes all faults of weight less than
g and avoids error floors that can arise from alternatives



TABLE 1L Fitted parameters with 95% confidence intervals for
the ansatz in Eq. 5 for memory experiments and logical measure-
ment experiments.

Experiment| A B C
Memory |5.971%10.017973:59%¢ 10.5073:59
Log. Meas. [6.275 [0.015870-0507 10477009

TABLE III. Error rates per logical qubit and logical cycle for log-
ical measurement in GB codes of each distance at physical error
rates of p = 1072 and p = 10~*. Values correspond to the
central estimates of the fit parameters from the Logical Mea-
surement row of Table II substituted into the ansatz presented
in Eq. (6).

P d=4 | d=6 | d=10 | d=16 | d=24
107318 x 10744 x 1072 1x 1077 |3 x 1071 |4 x 10716
107413 x 10791 x 10785 x 107'3|1 x 107*°|1 x 10728

such as belief propagation decoders [51]. The problem of
developing a sufficiently fast decoder for real-time use by
the classical control system of quantum hardware is out-
side the scope of this paper, and we look forward to ad-
dressing it in future work.

VI. APPLICATIONS

In this section, we show how the Pinnacle Architec-
ture can be applied to two applications: determining the
ground state energy of the Fermi-Hubbard model, and fac-
toring RSA integers.

A. Fermi-Hubbard Model

In this subsection, we determine the resources re-
quired to estimate the ground state energy of the two-
dimensional Fermi-Hubbard model using the Pinnacle Ar-
chitecture.

1. Algorithm

The two-dimensional Fermi-Hubbard model represents
a system of interacting fermions and has the Hamiltonian

H = H, + H;
=> > (aj,aaj,a + a;,gai,a) Y i
(i.4) o€{14} b

™)

Here, i denotes the sites of an L x L lattice, (i, j) denotes
pairs of nearest neighbours on this lattice, o € {1,{} de-
notes spins states, a'and a represent creation and annihi-
lation operators, respectively, i = a'a denotes the num-
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ber operator, and u denotes the (dimensionless) coupling
strength.

We follow Ref. [14] in using plaquette Trotterisation to
determine the ground state energy of the Fermi-Hubbard
model with a relative error of 0.5% of the total lattice en-
ergy. In order to minimise the number of qubits required,
we modify this method by omitting Hamming weight
phasing (which requires a system of 1 < a < L?/2 an-
cillary logical qubits), instead simply performing each re-
quired phase rotation in sequence. With this simplifica-
tion, the number of logical qubits required is

N =2L%+2. (8)

This accounts for two logical qubits for each lattice site
(one for each spin state) and two additional logical ancilla
qubits (one for phase estimation and one for repeat until
success synthesis) [14]. From Eq. (F10) of Ref. [14], the T’
count for one shot of the algorithm is given by

Here, Ny = 12L? and Np = 4L? are the number of
T gates and arbitrary Z rotations (which are each syn-
thesised from a number of T gates) required per Trotter
step. The number of Trotter steps required for the tar-
get precision is given by the prefactor. In this prefactor,
e = 0.005E¢ corresponds to the required relative error
of 0.5%, where the energy per site Ej is estimated at 1.02
hartrees for v = 4 and 0.74 hartrees for u = 8 [12]. W
is a parameter that bounds the Trotter error; bounds on
this parameter are provided in Ref. [14]. The parameter
x reflects a choice of how to split the error budget across
different sources; we optimise over this in our analysis.

In addition to T gates, the algorithm also requires ad-
ditional logical measurements. In particular, repeat-until-
success synthesis is used to perform each of the Ng arbi-
trary Z rotations in each Trotter step [52, 53]. This method
successfully performs the correct rotation with a probabil-
ity of at least one half [53], and so the expected number
of attempts per rotation is at most two. Since one logical
measurement is required per attempt (in addition to the
T gates), this adds an average of up to two logical mea-
surements per arbitrary rotation. Logical measurements
are also required for the final phase estimation. How-
ever, since this is only performed once (not for each Trot-
ter step), it is negligible compared with the 7" count. We
therefore express 7—the sum of the 7" count and number



of logical measurements—as

T=6203 [
(e(1 —2))
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(10)

This quantity determines the number of logical cycles on
the Pinnacle Architecture. It is approximately constant in
L because the allowed error is relative to the total energy,
which scales as L? [12].

2. Implementation and Results

Concretely, we consider the case of even L < 32 and
u = 4. In this regime, N < 2050 and we find numerically
that the number of logical cycles satisfies 7 = 8 x 1065,
which also upper bounds the 7' count. This implies that
the logical spacetime volume satisfies N7 < 2 X 1010,
Hence, the algorithm can be implemented with negligi-
ble failure probability provided the error rate per logical
qubit and logical cycle satisfies p;, < 5 x 107! and the
|T) state fidelity satisfies pr < 10~7. With reference to
Table 111, this is satisfied by using the d = 24 GB code in-
stantiation of the architecture for a physical error rate of
p = 1072 and the d = 10 instantiation for p = 10~%.

To implement this on the Pinnacle Architecture, we
use a single processing unit with 3 = [N/k| processing
blocks to ensure there are x > N logical qubits available.
We also account for a magic engine for this processing
unit, but do not include memory. The required number of
physical qubits is therefore given by

N
n = Npp ’Vk-‘ + Nme- (11)

Substituting N = 2L2 + 2 and the values for Npbs Nime
and k from Section V B, the numbers of physical qubits
required with physical error rates of p = 1073 and p =
1074, respectively, are therefore

L2 +1

Nip-3 = 1620 ’7 —‘ + 8694, (12)

L2 +1

Nip-4 = 452 ’7 —‘ + 2128 (13)

Table IV shows the number of physical qubits required
for even L < 32, along with the runtimes with code cycle
times of 1 ps and 1 ms. Figure 2 shows that the number of
physical qubits required is an order of magnitude smaller
than those required using surface codes in Ref. [12].

A full determination of the ground state energy re-
quires multiple shots of the algorithm, with the number
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TABLE IV. Physical qubits and runtime required to perform one
shot of Fermi-Hubbard ground state energy estimation on an
L x L lattice with a relative error of < 0.5% of the total lattice
energy. The runtime is approximately independent of L because
the relative error allows for fewer Trotter steps for larger lattices;
runtimes for each value of L are equal to or slightly smaller than
those given. kq represents kiloqubits (x 10% qubits).

Physical Qubits
L p=10"3|p=10"*
8 23 kq 7.1kq
10 30kq | 9.8kq
12 39 kq 13 kq
14 49kq | 17kq
16 62 kq 22 kq
18 75kq | 27kq
20 91kq | 32kq
22 108kq | 39kq
24 127kq | 46kq
26 146kq | 53kq
28 169kq | 61kq
30 192kq | 70kq
32 218kq | 79kq
Runtime (Upper Bound)
Code Cycle|p=10"%|p=10"*
1ps 3.6 min | 1.6 min
1ms 2.5 days | 1.1 days

dependent on the overlap between the initial state and the
true ground state. These shots can be performed in se-
ries (with a proportional increase in run time) or could be
performed in parallel using multiple separate processing
units (with a proportional increase in the required physi-
cal qubits).

B. RSA Factoring

In this subsection, we show that the Pinnacle Architec-
ture can be used to efficiently perform the factoring nec-
essary to break RSA encryption.

1. Algorithm

The algorithm we use is a generalisation of that pre-
sented by Gidney in Ref. [8], which uses techniques de-
veloped by Ekera and Hastad [54] and by Chevignard et
al. [55]. We refer to this algorithm as Gidney’s algorithm.
This algorithm uses residue number system arithmetic to
replace modular arithmetic over Ngga (the number be-
ing factored) with modular arithmetic over a set of primes
P that each have size polylogarithmic in Nrga. This
reduces the number of qubits required for the working
register required for modular exponentiation (the domi-
nant part of the factoring algorithm) from © (log Ngsa)
to © (loglog Nrsa ), reducing the space overhead. For
each individual prime, the time overhead for the modu-
lar exponentiation is also significantly reduced since the



time cost for arithmetic operations such as addition scales
with the size of the input registers. However, in Gidney’s
algorithm, this does not translate to an overall reduction
in runtime because the | P| primes are processed in series.

We generalise Gidney’s algorithm by allowing for the
possibility of processing multiple primes in parallel. This
is done by replacing the working register with p copies
of the register, for any positive integer p < |P|. The el-
ements of P are partitioned into p subsets such that the
maximum number of elements in each subset is [|P|/p].
The outer loop of Gidney’s algorithm is then applied in
parallel on a different register for each subset. Finally,
parallel reduction is used to combine the accumulators of
each register into a single accumulator by aggregating ac-
cumulators pairwise in the form a binary tree. The final
value of this accumulator matches that of Gidney’s algo-
rithm, since it simply amounts to a reordering of the sum
used to calculate the approximate modular exponential
(Eq. (20) of Ref. [8]). The required result may therefore
be extracted by measurement and classical processing in
the same way. Letting 7¢ be the time cost for Gidney’s
algorithm, our algorithm has a time cost of

T WTG +0(logp), (14)

where the O (log p) term accounts for the parallel reduc-
tion required to combine accumulators. Since |P)| is large
(eg, ~ 2.1 x 10* for RSA-2048 [8]), this can allow for a
reduction in the time cost by many orders of magnitude.

Importantly, the additional space incurred by this form
of parallelisation is not proportional to the reduction in
time cost. To see why, note that the full register in Gid-
ney’s algorithm has two components — an input register
of m = © (log Ngga ) logical qubits and a working regis-
ter of N,, = O (loglog Ngsa ) logical qubits used to per-
form the approximate modular exponentiation. While the
working register must be duplicated to allow for paral-
lelisation, the same input register can be reused for many
primes as it is only accessed by lookup operations. These
operations commute for different primes since they all use
only gates with controls on the input qubits. More pre-
cisely, given that a working register accesses the input
register in windows of w; logical qubits at a time, pipelin-
ing these accesses can allow [m/w; | registers to run in
parallel using a single input register. Therefore, the re-
quired number of logical qubits is

N = [prﬂw m + pNo. (15)

Noting that {prﬂ—‘ = 1for p < 200 and m is an or-

der of magnitude larger than N,,, this can be significantly
smaller than pN7 = p(m + N,,) (where N; is the num-
ber of logical qubits required for Gidney’s algorithm). This
leads to significant spacetime savings from parallelisation,
as shown in Fig. 7.

15

10t

10°

101

Ratio of Parallelised to Serial Algorithm

1072

20 40 60 80 100
Parallelisation Factor, p

—— Logical Qubit Ratio
Runtime Ratio

——— Logical Spacetime Ratio

FIG. 7. Comparison of space, time and spacetime cost for our
parallelised algorithm to Gidney’s algorithm or Ref. [8]. For the
purpose of this plot, all algorithmic parameters (other than p)
are chosen to match those of the n = 2048 row of Table 5 of
Ref. [8].

Our modified algorithm allows for very efficient paral-
lelism, with orders of magnitude reductions in the time
overhead achievable with a smaller increase in the space
overhead. In particular, we note that while Gidney’s algo-
rithm has a longer runtime than the earlier implementa-
tion of Gidney and Ekera [7], our parallelised version can
achieve a significantly faster runtime. This motivates our
choice of this algorithm even for architectures with slow
clock cycles, where runtime is especially important.

2. Implementation on Pinnacle Architecture

To implement the algorithm on the Pinnacle Architec-
ture, we begin by allocating a processing unit for each
working register. Recall that the working registers act en-
tirely independently for the entire duration of the modu-
lar exponentiations; they only interact at end when their
accumulators are combined. This means that the process-
ing units can run in parallel throughout the modular ex-
ponentiations, and then be joined pairwise as the parallel
reduction is implemented. Since the joining happens at
the end of the algorithm, it is not necessary to ever per-
form Clifford frame cleaning to separate the units again.

Each of these working registers is equipped with
enough logical qubits to allow implementation of Gid-
ney’s algorithm. This corresponds to: an f logical qubit
sub-register for the overall accumulator; an ¢ + len(m)
logical qubit sub-register on which discrete-log values are
accumulated for each prime; two ancillary sub-registers
each with max (f, £ + len(m)) logical qubits; a third an-
cillary sub-register with ¢ logical qubits; and one addi-
tional ancillary logical qubit for compiling Toffoli gates
from T gates using the circuit of Ref. [56]. As in Ref. [8],



f is the length of the truncated accumulator, ¢ is the bit
length of the residue primes and len(m) = [logy(m)] +1
is the bit length of m. We therefore require x logical
qubits, given by

k= f+20+len(m) 4+ 2max(f, ¢+ len(m)) + 1. (16)

To achieve this, we allocate [k/k] processing blocks to
each processing unit, where k is the number of logical
qubits per code block.

The input register (or multiple input registers if p >
[m/wi]) is associated with memory in the architecture.
Access to this memory occurs during loop 1 of Gidney’s
algorithm, when windows of w; logical qubits are used
as the address for a lookup operation targeted on each
working register. As discussed in Section VB3, we fix
wy = k/2, and we also enforce the condition that £ > w.
This ensures that there are at least w; unused logical
qubits onto which the window can be fanned out, since
at the time of this loop, f + 3¢+ 3 len(m) logical qubits of
each working register are in use, meaning that there are
at least £ unused logical qubits.

Otherwise, we follow the decomposition into addition,
lookup and phaseup subroutines and implementation of
these subroutines presented in Ref. [8].

3. Resource Analysis

a. Physical Qubits: We now determine the number
of physical qubits required. Each working register corre-
sponds to a processing unit with x(f, £, m) logical qubits,
as given in Eq. (16), along with a magic engine. The num-
ber of physical qubits required for the p working registers
is therefore

Ny = P (Tlpb ’:‘W—‘ + nme) . (17)

Each memory stores m logical qubits and there are
[W—‘ such memories. Each memory requires v =
[m/k] code blocks of an [n, k, d] code (with 2n physical

qubits each). For each processing unit, we also require a
port with ng + n; additional physical qubits. The number
of physical qubits required for the memory and ports is
therefore

Ny = 20 { P -‘ Pz-‘ + p(ng + ). (18)

[m/wi]

Hence the total number of physical qubits is n4ota1 = M+
N

b. Runtime: We define the total number of logical
cycles required per iteration of the outer loop of Gidney’s
algorithm to be ¥, which is equal to the sum of the final
column of Table V. Since we require [|P|/p] iterations,
this implies that the expected number of logical cycles re-
quired for the full outer loop is no more than [|P|/p| .
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Following the completion of this outer loop, we have some
further minor steps that are performed once. First, the
uncomputation of loop 1 [8]—which is performed in par-
allel on all streams—consists of a single instance of the
loop 1 lookup and addition. Referring to Table V, it takes
v = [m/w;] (6 (2% — wy + £+ len(m) — 2) + 2w1)
logical cycles. Second, the accumulators for the differ-
ent streams must be combined, which takes [log,(p)]
layers of additions of f qubit registers and hence 6(f —
1)[logs(p)] logical cycles. Finally, there is a frequency
measurement (i.e. inverse quantum Fourier transform fol-
lowed by measurement); the nuber of logical cycles re-
quired for this is negligible compared to ¥ so we follow
Ref. [8] in omitting it from our accounting. Assuming a
perfect success rate of magic engines we can therefore
write the total number of logical cycles as

"= B v — o
T—([p}m 67— 1) g2(pﬂ>- (19

The proportion of logical cycles requiring T states is ap-
proximately (in fact, slightly less than) 2/3, which leads to
an adjusted formula for the true number of logical cycles
accounting for the magic engine rejection rate of p, of

2 1
T= <3(1—pf) 1+3)7’ (20)

Then the total runtime per shot t = #;7 is the product
of the number of logical cycles 7 and the time per logical
cycle t; = dit..

The expected number of shots required for the factor-
ing, from Ref. [8], is given by

s+1
0.99]93 (1 — 2NRSA1 / 2ffr1+52w1)

where s is the Ekera-Hastad parameter, and pg is the prob-
ability that a shot does not have a logical error, which is
given by

o= , o (21)

NT (1= pr)7, (22)

ps=(1-pr)
where py, is the logical error rate per logical qubit per log-
ical cycle, pr is the infidelity of output T states from the
magic engine, N and 7 are the total number of logical
qubits and logical cycles per shot and T is the T" count per
shot, which is given by

r=|Pln + 2o+ 4(f - Dllogs(p)], (29)

where 7 is the T' count per prime which is equal to the
sum of the 7" count column of Table V. Hence the expected
runtime for the factoring is tyota1 = ot.
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TABLE V. Time cost accounting for all subroutines required for each prime. Loop numbers refer to Gidney’s algorithm, as presented
in Ref. [8]. For lookups and phaseups, the size is the address size; for additions, it is the size of the registers being added. For addition
(loop 2) the size is the average over the loop, since it varies. The 7" Count column is the number of 7" gates required, which is four
times the Toffoli count. The Logical Cycles column is the total number of logical cycles, including both T state injections and other
logical measurements. Since each Toffoli gate requires four 7" gates and one logical measurement [56], and one additional logical
measurement is required for measurement-based uncompute, this is nearly always 3/2 times the 7" count. The only exception is
Lookup (Loop 1) which also requires additional logical measurements for Clifford frame cleaning.

Subroutine Size Instances T Count Logical Cycles

Lookup (Loop 1) wy [m/w1] A[m/wi] (2% —wi — 1) [m/wi] (6(2* — w1 — 1) + 2wy)
Addition (Loop 1) £+ len(m) [m/w1] 4[m/wi] (£ +len(m) — 1) 6[m/wi] (£+len(m) — 1)

Addition (Loop 2) | (2¢+ len(m) + 1) /2 4len(m) 8len(m) (2¢ + len(m) — 1) 12len(m) (2 + len(m) — 1)

Lookup (Loop 3) 2ws A[¢/ws]? — 8[Ljws] + 1| 4 (4[£/w3'\2 — 8[¢/ws] + 1) (22“‘3 — 2ws — 1) 6 (4[1’/71)3'\2 — 8[¢/ws] + 1) (2293 — 2wy — 1)
Addition (Loop 3) ¢ 7[¢/ws]? — 14[¢/ws) 28 (M/wﬂ? - W/wﬂ) (t—1) 42(0-1) (M/unﬂz - Z[Z/wﬂ)

Lookup (Loop 4) wy 3[0/w4]/2 6[¢/ws] (2% —wg — 1) 9[l/w4] (24 —wg — 1)

Addition (Loop 4) f 5[0/w4]/2 10(f — 1)[€/w4] 15(f — 1)[¢/wa)

Phaseup (Loop 4) wy [€/w4] 4[0/w4) (2[“‘4/21 +2lwa/2l gy — 2 6[¢/w4] (2“”4/21 +2lwal2l gy, —2
Phaseup (Loop 3.2) w3 3[¢/w3]?/2 — 3[/w3) 6(]’[/11.'3}2—2(6/1113]) (2“”3/21 + 2lws/2 —w3—2) Q(M/wa]z —Z[f/wﬂ) (2[“‘3/21 + 2lws/2l —w:;—?)
Phaseup (Loop 3.1) 2ws 1 4 (2“‘3+1 — 2ws — 2) 6 (2"’3+1 — 2wz — 2)

4. Results

We now consider the resources—both physical qubits
and time—required to factor an RSA-2048 integer on the
instantiation of the Pinnacle architecture presented in
Section V, given different hardware parameters, namely
the code cycle time and physical error rate. Following
Ref. [8], we expect the required logical error rate per logi-
cal qubit per logical cycle to be < 107 (ie., < 10715 per
code cycle). With reference to Table II], this motivates a
choice of the d = 24 GB code architecture for a physical
error rate of p = 1073 and d = 16 for the p = 10~* ar-
chitecture. The precise logical failure rate of the algorithm
varies somewhat as other parameters affect the number of
logical qubits and logical cycles; this effect is accounted
for in the number of shots, given in Eq. (21).

To determine the minimal required physical qubits and
runtime, we optimise over the algorithmic parameters of
Gidney’s algorithm with the following ranges:

« Ekera-Hastad parameter, 1 < s < 16;
« Accumulator truncation, 24 < f < 59;
« Prime bit length, 18 < ¢ < 25;

« Loop 3 window size, 2 < w3 < 6;

« Loop 4 window size, 2 < wy < 6.

We also optimise the parallelisation factor over the range
1 < p < |P|, where |P| ~ mm/fw; is the num-
ber of primes in the residue system. Recall that, un-
like in Ref. [8], we fix the loop 1 window size as w; =
k/2. Following Ref. [8], we also impose the feasibil-
ity condition that the number of primes of bit length ¢,
7(¢) ~ 2°~1/¢1n(2), cannot be smaller than the number
of primes | P|. The results of this optimisation are shown
in Table VI and Fig. 3.

We find that fewer than one hundred thousand physical
qubits are required for factoring at a physical error rate of

TABLE VI. Minimum number of physical qubits required to com-
plete factoring in a range of expected runtimes for a range of
hardware parameters. Mq and kq represent megaqubits (i.e.,
x10° qubits) and kiloqubits (x 10> qubits) respectively.

Code | Physical | Physical Qubits for Runtime <
Cycle |Error Rate| 1 year |1 month|1 week| 1 day
o 107® | 97kq | 98kq |151kq|471kq
107* | 53kq | 53kq | 65kq | 149 kq

10 s 1072 | 97kq | 223kq | 624 kq | 3.8 Mq
107* | 53kq | 85kq |184kq| 949 kq

100 s 1073|198 kq| 1.3 Mq |5.4 Mq| 41 Mq
107* | 79kq | 359 kq |1.3 Mq| 9.5 Mq

1 ms 107*  |1.1Mq| 13 Mq |58 Mq -

107*  |307 kq| 3.1 Mq | 14 Mq |128 Mq

p = 1073 in an expected runtime of one month. Alterna-
tively, with the same error rate and code cycle time, fac-
toring can be completed in one week with 151 thousand
physical qubits—compared to one million in Ref. [8]—or
in one day with 471 thousand physical qubits. With one
million physical qubits, factoring takes an expected time
of ten hours, compared with five days in Ref. [8].

We can also consider our results in regimes relevant to
other hardware platforms. For example, at a physical error
rate of p = 10~ *—relevant to trapped ions [15]—the min-
imum number of physical qubits required for factoring is
53 thousand. For a typical trapped ion code cycle time of
1 ms [57], factoring with one million physical qubits takes
an expected time of approximately three months. Factor-
ing in a shorter time with these parameters is also possible
with a feasible number of physical qubits. For example,
factoring can be completed in one month with 3.1 million
physical qubits or in one week with 14 million physical
qubits. By comparison, adjusting the results of Ref. 8]
to such a code cycle time would give a prohibitively long
runtime, while Ref. [58] estimated a runtime of 3 years



with 8.6 million qubits for a surface code architecture with
trapped ion parameters.

Our results are also comparable to the results of
Ref. [16], which apply to a neutral atom platform with
physical error rate of p = 1073 and a code cycle time of 1
ms. Specifically, with 19 million qubits we find a runtime
of 21 days, compared with the result of 5.6 days in Ref. [16]
The low runtime achieved by that work is achieved by us-
ing transversal gates with algorithmic fault tolerance to
reduce the logical cycle time to be equal to the code cycle
time, compared with d; = 26 code cycles on our archi-
tecture. Our architecture has the potential to support an
analogous reduction by incorporating fast surgery [59],
with the potential to achieve an order-of-magnitude lower
runtime or physical qubit number. We look forward to re-
alising this potential in future work.

VII. CONCLUSION

We have presented the Pinnacle Architecture, which
leverages the high encoding rate of QLDPC codes to
achieve universal quantum computing with order-of-
magnitude overhead reductions compared with surface
code architectures. In particular, we have shown that
factoring 2048-bit RSA integers, which requires close to
a million physical qubits using surface code architec-
tures [8], can be done with fewer than one hundred thou-
sand physical qubits on the Pinnacle Architecture. Given
the challenges posed in scaling from one hundred thou-
sand to one million physical qubits, such as the need on
many hardware platforms for networking between sep-
arated devices [9], this has the potential to significantly
hasten the onset of practical quantum computing.

Importantly, this is only the beginning of the story for
QLDPC architectures. While it has been suggested that re-
ducing the physical qubit count for 2048-bit RSA factoring
by an order of magnitude (i.e., to one hundred thousand
physical qubits) is implausible on surface code architec-
tures [8], the same cannot be said of QLDPC architectures.
Indeed, a range of higher rate QLDPC codes are known
than the generalised bicycle codes used here [18]. Incor-
porating such codes into the Pinnacle Architecture, com-
bined with further optimisation of its components, could
plausibly achieve such a reduction. As such, this work
serves not only as a major step forward in its own right,
but also a foundation on which we expect to make sub-
stantial further progress.
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Appendix A: Cost of Clifford Frame Cleaning

In this appendix, we show that Clifford frame cleaning
can be completed using the number of logical measure-
ments claimed in Section IV B 3. Specifically, we show that
it can be completed in the same number of Pauli 7/4 ro-
tations, which we write as R /4(P) for a Pauli rotation
axis P. Each such rotation can be implemented by a joint
logical Pauli measurement with a single logical ancilla in
the |0) state [6].

We present our proofs using the Pauli and Clifford
operator representation of Ref. [60]. Specifically, an n-
qubit Pauli operator is associated (uniquely, up to a global
phase) with an element v € Z3" by the expression P, =
I, X Z"" In this formalism, P, P, = P,,. Com-
mutation relations are specified by the symplectic inner
product

(u,v) = uol, J= [I(i {ﬂ , (A1)

and v and v are treated as row vectors. Specifically, P, and
P, commute if (u,v) = 0, and anti-commute if (u,v) =
1. The symplectic complement W of subspace W is a
subspace whose elements commute with all elements in
w.

In the same formalism, an n-qubit Clifford operator
U can be represented by a 2n X 2n matrix My that
preserves the symplectic inner product (ie., such that
MyJME = J). The action of U on P, by conjuga-
tion corresponds to matrix multiplication on the right (i.e.,
P — UPU' corresponds to v + vMy). The product
of two Clifford operators VU therefore corresponds to
the product of their matrix representations My My . A
Pauli 7/4 rotation R, /4(Q) is a special type of Clifford
operator which is specified by an n-qubit Pauli operator
Q. It acts as ]%7T/4(Q)PR7T/4(Q)Jr = PQ if P and
anti-commute, and as RW/4(Q)PR,T/4(Q)T = Pif P and
Q commute. Therefore, R, 4(P,) acts on v € Z3" as
E,(v) =v+ (u,v)u.

There are two cases of Clifford frame cleaning to con-
sider: the general case, where 4w steps are required to
clean off w qubits; and the case of cleaning a memory port,
where only 2w steps are required. We first consider the
general case.

Lemma 1. Let U be an n-qubit Clifford opera-
tor. Then for w < n, there exists a sequence
of 4w Pauli operators Pi,...,Ps, such that

Ry/a(Pr)Reja(Ps) ... Ry a(Paw)U is a Clifford op-
erator supported only on the last n — w qubits.

Proof. We proceed by induction. Let

(A2)




We will show for 1 < k < w, given a matrix of the form
M*=1) that there exists a product of four Pauli 7/4 ro-
tations with matrices E,,, E,,, E.,, and E,,, such that
Eo,EayFayFEo, M*~1 is of the form M®). Tt follows
that U = M(® can be mapped to an operator M () that
has support only on the last n — w qubits with 4w Pauli
7 /4 rotations.

Let v(¥) denote the kth row of M(*—1) e, denote
the kth vector in the standard symplectic basis and
ft = ent, and let A;_q be the symplectic subspace
spanned by {e1,...ex_1, f1,... frk—1} corresponding to
the Pauli group on the first k£ — 1 qubits. We will choose
a1, 09, 03,04 € Akl_1 to ensure that these operations act
as the identity on all a € Aj_;. We now consider two
cases, and in each choose a1, aa such that they map v(F)
to eg.

First, if (v(k’), ep) =1, letag = v®) 4+ e and g = 0.
Then (v, v*) 4 ¢,) = 1, and so

Ev(k)—i-ek (v(k)) = €. (A3)

Second, if (v*) e) = 0, then if (v¥) f1.) = 1let uy, =
fk:a and if <U(k)a fk> = 0letup = fk + €nis (mod 2n)>
where § > k is the position of the first nonzero element
of v(*). Moreover, let a7 = v%) + uy and s = ep + up.
Then (v v®*) ) = (ug, ep +ug) = 1, and so

Eeptup Byt s, (V) = By (ug) = €. (A4)

Let M®*—1 = ey rulyo) 1y, (M(k’l)) and the ith
row of M®* =1 be 5() As this preserves the symplec-
tic product, 1 = (v k)Y = (k) f(ntk))  —
{eg, D("FR)) . We now consider two cases, and in each
choose a3, oy such that they fix e;, and map 9("*%) to

Tk
First, if (50" T%), fi) = 1, let a3 = 0" + f; and
ay = 0. Then (55 §(+k) 1 £} =1, and so

E,a(n+k)+fk (’L~)(n+k)) - fk. (A5)

We also have (g, 9("**) + f) = 0, which implies that
Ef)(n+k,)+fk (ek) = €.

Second, if (7" 1t%) f) = 0, let a3 = 0" R e + fi,
and oy = ep. Then <17("+k),17(”+k) +ex+ fr) = 1, and
)

BeyEsoninpeopi s 0")) = B, (ex + fr) = fr- (A6)

We also have (ek,f)("”“) + e + fr) = 0, which implies
that EekEf)(r,LJrk)_i_ek_’_fk (ek) = eg.
Hence in all cases

M®™ = By Eq,BoyEaq, M*Y, (A7)
which completes the proof. O

Now we consider the specific case of cleaning a mem-
ory port.
Lemma 2. Let U be an n-qubit Clifford operator that is
a product of Clifford operators that act either trivially or
as the control of a CNOT on the first w < n qubits. Then
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there exists a sequence of 2w Pauli operators P, ..., Py,
such that Ry 4(P1)Ry/a(P2) ... Ry/a(Paw)U is a Clif-

ford operator supported only on the last n — w qubits.

Proof. Since CNOTs commute with Z operators on their
control qubits, U must commute with all Z-type opera-
tors with support on the first w qubits. Consequently, the
matrix representation of U has the form

(A8)

We proceed by induction, analogously to the proof of
Lemma 1. Let

I, O 0 0 O

O Iw—k 0 * *

& _ | 0 0 %0 x =
MY =190 0/, 0 0 (A9)

0 0 0 Iy—r O

0 0 %0 * *

We will show for 1 < k& < w, given a matrix of the
form M %=1 that there exists a product of two Pauli
7/4 rotations with matrices F,, and F,,, such that
Eqo, Eq, M =1 is of the form M ). It follows that U =
M (©) can be mapped to an operator M (") that has support
only on the last n — w qubits with 2w Pauli 7 /4 rotations.

Let v(¥) denote the kth row of M (=1 ¢, denote the
kth vector in the standard symplectic basis and fi, =
en+k, and let Ap_; be the symplectic subspace spanned
by {e1,...€k—1, f1,... fr—1} corresponding to the Pauli
group on the first kK — 1 qubits. We will choose a1, as €
Ak | to ensure that these operations act as the identity on
alla € Ay_1, and such that they also fix f; fork < j <w
and map ) to er. We now consider two cases, noting
that the structure of M (*~1) implies that (v(¥), f;) = 04,
forl <j<w.

First, if (v(’“), ex) =1 leta; = v®) 4 ep and ap = 0.
Then (v*®), v(*) 4 ¢;) = 1, and so

E,U(k)_‘_ek_ (U(k)) = €.

We also have (f;,v®) +e;) = 26;, = 0fork < j < w,
which implies that Ev<k)+ek(fj) = f;.

Second, if ('), ex) = 0,let a1 = v™ + ¢ + f; and
ag = fi. Then (U(k), o) toep + fx) =1, and so

(A10)

Bt By yer i (0) = By, (ex + fi) = e (A1)

We also have (f;,v®) +e;) = 25;, = 0for k < j < w,
which implies that Ef, E ) ¢, 15, (f5) = fj-

Hence in all cases
M®* = E, B, M*D, (A12)

which completes the proof. O
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