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Electronic structure calculations of molecular systems are among the most promising applications
for fault-tolerant quantum computing (FTQC) in quantum chemistry and drug design. However,
while recent algorithmic advancements such as qubitization and Tensor Hypercontraction (THC)
have significantly reduced the complexity of such calculations, they do not yet achieve computational
runtimes short enough to be practical for industrially relevant use cases. In this work, we introduce
several advances to electronic structure calculation for molecular systems, resulting in a two-orders-
of-magnitude speedup of estimated runtimes over prior-art algorithms run on comparable quantum
devices. One of these advances is a novel framework for block-invariant symmetry-shifted Tensor
Hypercontraction (BLISS-THC), with which we achieve the tightest Hamiltonian factorizations re-
ported to date. We compile our algorithm for an Active Volume (AV) architecture, a technical
layout that has recently been proposed for fusion-based photonic quantum hardware. AV compi-
lation contributes towards a lower runtime of our computation by eliminating overheads stemming
from connectivity issues in the underlying surface code. We present a detailed benchmark of our
approach, focusing primarily on the computationally challenging benchmark molecule P450. Lever-
aging a number of hardware tradeoffs in interleaving-based photonic FTQC, we estimate runtimes
for the electronic structure calculation of P450 as a function of the device footprint.
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I. INTRODUCTION

High-accuracy quantum chemical calculations have a large number of industrial applications, ranging from the opti-
mization of reaction rates [1, 2] to computer-aided drug design [3-6], and battery optimization [7-9]. However, because
of the exponential scaling of the computational resources for the most accurate methods and the consequent impracti-
cal runtimes on classical computers, most quantum chemical calculations are often limited to approximate approaches,
such as density functional theory (DFT), which result in less dependable predictions [10, 11]. Consequently, accurate
quantum chemical calculations represent one of the most anticipated practical applications of quantum computers.

A prime example is the electronic structure calculation of strongly correlated systems [12-17], such as the iron-
molybdenum cofactor (FeMoco) [15] or cytochrome P450 [18], both playing critical roles in biological systems. FeMoco
is part of the nitrogenase enzyme, which splits the dinitrogen triple bond, eventually leading to the generation of two
ammonia molecules. So, a better understanding of its chemistry could bring new insights to design catalysts for
nitrogen fixation. Meanwhile, cytochromes P450 are a group of heme proteins playing a crucial role in the metabolism
of drugs. The interplay of drugs with P450 proteins may cause unwanted effects such as drug-drug interactions or
accelerated systemic clearance of the active compound from the body. For this reason, they are often considered as
anti-targets in computer-aided drug design [19].

In recent years, there has been an increasing endeavor to enhance the existing methods for improving the efficiency
of electronic structure calculations in fault-tolerant quantum computing (FTQC). Since the first resource estimates
for FeMoco [15], numerous studies have focused on estimating the upper limits of the computational resources needed,
specifically the number of non-Clifford gates and qubits. Thanks to improved quantum algorithms [20-25] and better
representations of the quantum chemical Hamiltonians [26-28|, we have witnessed a reduction of several orders of
magnitude of the quantum resources required for sampling the eigenspectrum of molecular systems.

From an algorithmic perspective, efforts using quantum phase estimation (QPE) have initially focused on estimating
the spectra of electronic structure Hamiltonians H, by trotterizing the time evolution operator U = exp(—iHt) on
a quantum computer [29, 30]. More recent research, however, has shifted towards employing qubitization: a version
of QPE using a quantum walk operator to encode energies E of H into a spectrum of eigenvalues =+ arccos(E/\),
where )\ is a parameter referred to as the 7-norm. Not to be confused with the induced ¢; of the Hamiltonian, the
1-norm is an upper bound on the operator norm of H. On a technical level, the value of the 1-norm arises in the
block encoding, the part of the walk operator applying the Hamiltonian to the qubits representing the system [21-
23]. Qubitization is regarded as the state-of-the-art for electronic structure calculations, and its computational
cost is directly proportional to A. To significantly reduce the runtime of the quantum computation, one may use
algorithms that encode factorized Hamiltonians with a lower 1-norm. The quantum algorithms with the current best
performance (lowest resource cost) rely either on a Double Factorization (DF) approach [27] or make use of Tensor
Hypercontraction (THC) [26]. These methods have shown very encouraging improvements in the expected quantum
computing runtime for sampling the spectrum of the electronic structure Hamiltonian, estimated to be approximately
10% hours (or roughly 10% non-Clifford gates) required for both the FeMoco and the P450 systems |18, 26] using a
specific superconducting architecture running surface code. On top of these initial proposals, a number of recent works
have made additional improvements to the 1-norm by combining DF with block-invariant symmetry-shifts (BLISS)
of the Hamiltonian [28, 31-35].

However, even using the most efficient algorithms available today [26], the wallclock runtimes of such calculations
for industrially relevant systems such as cytochrome P450 [18] are on the order of days. In Santagati et al. [5] it is
argued that this is incompatible with the speed required for pharmaceutical industrial workflows, where calculations
in the range of seconds or faster would be required. This requirement comes from the fact that, in the majority
of cases, the calculation of ensemble properties is of interest. Usually, simulations require the sampling of a large



number (O(10°)) [36, 37] of single-energy evaluations to compute the properties of thermodynamic ensembles [38].
Currently, severe approximations allow the treatment of relevant-sized systems by quantum chemistry, but for strongly
correlated systems such as drugs interacting with the heme center of P450 proteins, these approximations are not
applicable. However, adequate descriptions are computationally out of reach of classical hardware. This is why further
reductions in computational costs are needed for quantum computers to become relevant to industrial applications.
This will likely require combining algorithmic and Hamiltonian decomposition improvements with better hardware
and more efficient architectures. Recently, a novel Active Volume (AV) architecture has been proposed for fusion-based
photonic FTQC, promising a considerable reduction in the computational runtime by exploiting non-local connections
between the physical components in the quantum computer [39]. In conventional architectures without Active Volume
capabilities, fault-tolerant operations require the participation of a large number of logical qubits that could otherwise
be idle, preventing the compiler from using those qubits for other tasks in parallel. While the performance of AV
compilation has been analyzed for RSA factorization [39] and elliptic-curve cryptography [40], a study for chemistry
problems is still lacking.

In this work, we integrate the BLISS technique with THC. Using a P450 system as a benchmark, we demonstrate
that BLISS-THC, AV compilation, and some modifications of the block encoding circuit, reduce the computational
runtime of an electronic structure calculation of P450 by at least a factor of 233, as compared to a THC calculation
on an equivalent photonic hardware without AV-capabilities. A breakdown of the different speedups can be found in
Table I, and a brief history of previous improvements to electronic structure calculations of P450, leading up to our
work, can be found in Table II.

To obtain physical runtimes and space requirements, we provide a pragmatic review of the design features of a
fault-tolerant quantum computer based on photonic fusions. For instance, in these types of devices, the number of
interleaving modules (IMs) becomes a key metric to describe the physical size of the quantum computer. For photonic
FTQC, the number of physical qubits, typically referenced in other architectures, has little meaning for the device
footprint due to a feature called interleaving [41]. By storing entangled photons in a fiber, interleaving facilitates a
tradeoff between the physical runtime and the number of IMs, thus decoupling the code distance from the physical
size of the device.

Our work, therefore, presents physical runtimes as a function of the number of IMs in the quantum computer. For
devices with a large amount of interleaving, we obtain the minimum number of interleaving modules required to run
the computation in a certain time frame, allowing us to compare our results with prior art [18]. What is more, we
explore additional runtime improvements using algorithmic tradeoffs between the number of qubits assigned to the
memory of the computation, and its workspace, the group of qubits used for operational tasks.

The remainder of this paper is organized as follows: in Section II, we discuss some of the Hamiltonian factorization
techniques referenced. Reviewing THC and BLISS, we finally developed BLISS-THC. In Section III, we introduce
the quantum circuit for the block encoding of the new Hamiltonian. After that, we lay the foundation for hardware
and runtime calculations in Section IV, where we review Active Volume architectures, interleaving, workspace qubits,
and runtime tradeoffs. Drawing from the previous sections, we present our results for the P450 benchmark system
in Section V, where we analyze the BLISS-THC Hamiltonian, obtain relative speedups from logical resource counts,
provide wallclock runtimes and compute minimal device requirements. Our results feature a number of spacetime
tradeoffs, in particular with the code distance and size of the workspace, as devices with smaller code distances /
larger workspaces compute faster. This allows us to turn qubits savings due to modifications of the algorithm into
speedups. We conclude with proposals for future research directions in Section VI.

TABLE 1. Contributions to the speedup of the electronic structure calculation of P450, as compared to the THC-based calcula-
tion [26] on a baseline architecture defined in Section IV. The three steps, 1) Active Volume compilation, 2) the incorporation
of BLISS within THC, and 3) improvements to the block encoding circuit, are done in sequence while adding logical qubits
saved in the memory to the workspace. Speedups reported reflect the runtime improvements with respect to the previous step.
Multiplying the individual improvements hence results in the total speedup, up to rounding errors: all numbers in this table
are rounded down, but the total speedup is computed with the exact estimates.

Method Speedup factor
AV compilation 25.18x%
THC — BLISS-THC 8.23 x
Circuit improvements 1.12x%

Total: 233.96x




TABLE II. Logical qubit requirements for the device memory, Toffoli counts, Active Volume count (where applicable), as well
as the 1-norm for electronic structure calculations of P450 in a (63e, 580) active space configuration with respect to Double
Factorization (DF), Symmetry-Compressed Double Factorization (SCDF), Tensor Hypercontraction (THC) and BLISS-THC,
the product of this work. For our efforts, we have obtained tighter estimates for the costs of the THC circuit with respect to
the parameters of prior art. Note that BLISS-THC approaches 69.3 Ep, the theoretical 1-norm limit for P450 [42], to within a
factor of 2.

P450 (63e, 580)

Factorization Memory qubits Toffolis  Active Volume X (Ey)
DF [28] 4,922 1.9x10° — 472.2
SCDF |[28] 1,706  4.8x10° — 111.3
THC [18] 1,434 7.8x10° — 388.9
THC [re-estimated for this work] 1,357 7.8x10° 1.6x10" 388.9
BLISS-THC [this work] 999 1.7x10° 2.3x 10" 130.9

II. BLISS-THC
A. Theoretical Overview
Within the standard framework of second quantization, we consider the electronic structure Hamiltonian written

in chemist notation,

qu‘S
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where {0, 7} are indices for spin configurations 1, and {p, ¢, r, s} are indices labeling spatial orbitals. The terms h,,
and gpqrs are the conventional 1-body and 2-body integrals defined with real molecular spatial orbitals ¢,(r),

oo = [ driy(e) (‘iw —ij) b4(x1), o)
I
Gpgrs = // dr,d ¢,’D I‘1)¢q(r1)¢r(r2)gb5(r2) (3)
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Given the symmetry-shifting techniques to be introduced in the following sections, we also emphasize the symmetries
of the electronic structure Hamiltonian, including total particle number N, spin projection S, and total spin S2,

N = Z(a;i?am + “;Twa'm) ) (4)

S: = 2 Z pTapT piapi) (5)

8% = S+S— +8.(8. - 1), (6)

where ,§'+ = pa;fﬁap 1 and S_ = (S’Jr)T. While other symmetries may appear in specific problem instances, the

symmetries mentioned above are always applicable.

B. Tensor Hypercontraction

This work uses the Tensor Hypercontraction (THC) factorization technique to decompose the four-index tensor,
Gpgrs [43, 44]. THC is currently known to provide the best asymptotic scaling for ground state energy estimation based

on qubitized quantum phase estimation with O(N ) logical qubits and O(N Atnc/e) Toffoli gates. In this framework,
the four-index tensor, gpqrs, is factorized using two-index tensors (,, and x4,

Y9pgrs = Z Cuz/ XZX(A;X:XZ’ (7)
w,v=0



where (;,,, is a real symmetric matrix and M is the factorization rank. The tensor x/ is also assumed to be normalized

such that }  x£x} = 1. Combining Egs. (7) and (1) leads to the following expanded form of the Hamiltonian,

H = %q: (hpq ngq> al,aq,
.1 zcw (pr ) (qu ) (zxr ) (zx) ®)

The second line can be simplified considerably by defining a linear transforms Zp Xbpo = UJaOUUM, where the
unitaries U, are products of Givens rotation operators that we cover later. The Jordan-Wigner transformation then
gives rise to the Hamiltonian [26]:

H= ﬂZtkv ZooVy, + = ZCWU 200U, Ul 22U, (9)
k g O'T
where t;, are the eigenvalues of the one-body matrix Tpy = hpg — 5 3. Gprrq + I, Gpgrr, While Zg, is a Pauli Z
operator with respect to the topmost qubit in the register associated with the spin index o, and Vj is the orbital
rotation operator associated with ¢, defined similarly to U,. A block encoding capable of implementing the basis-
rotated Z operators, would yield the 1-norm,

1
A= Itk + 5D 1wl (10)
k uv

While this 1-norm expression is correct for the quantum circuit implementation proposed in [26], it is possible to show
that a small modification of the circuit leads to the slightly smaller 1-norm,

o= Sl 5 MGl = 3 3 Il (1)
k nv m

This modification involves a special treatment of the diagonal terms C~W in Eq. (9), ensuring that we do not encode
constant terms in our Hamiltonian: for identical spins o = 7 the terms U, Zo ,U, U} Zo U, are equal to 1. Constant
contributions to the Hamiltonian should be avoided, as they would needlessly increase the 1-norm. Our correction
leads to an updated Hamiltonian,

H, = — Zth Zo UV + = ZC/_LUU ZO G‘U UTZOT ZC}LM (12)
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C. Block-invariant symmetry-shift (BLISS) framework

The block-invariant symmetry-shift (BLISS) [31, 32] framework defines a block-invariant Hamiltonian, Hgy, that
shifts the original Hamiltonian by a well-behaved symmetry function, f(NV,S?,S5.), leaving the eigenvalue spectrum
of the desired symmetry sector unchanged apart from shifts with a constant. This strategy changes the eigenvalues

of other symmetry sectors in order to minimize the 1-norm A. Explicitly, the block-invariant Hamiltonian may be
defined as,

Hpi = H — a; N — 7N2 — 5B(N n) (13)
where the second and third terms are equal to 1-body and 2-body symmetry-shift operators, based on the total particle
number operator IV, obeying the eigenvalue relation, N |¢,) = n|i;,), where 7 is the eigenvalue of the particle number
operator, equal to the total number of spin-up and spin-down electrons, and [¢,) is any electronic wavefunction
defined in the n-electron symmetry sector. The fourth term in Eq. (13) is the BLISS operator equal to zero in the
desired particle number sector and non-zero everywhere else, where B is a Hermitian 1-body operator defined as

Z/quapo qa (14)



In total, the coefficients a1, a2 and 3,, encode a symmetry-based gauge invariance, which helps to reduce the 1-norm
compared to what is theoretically achievable with the conventional Hamiltonian [45]. The BLISS method ultimately
exploits the fact that the conventional Hamiltonian H inherently includes redundant information, which is only
necessary when considering the full Fock space with all its possible symmetry sectors. Within the context of this
quantum circuit, the input and output wavefunctions will generally belong to a single, well-defined symmetry sector,
implying that the compiled Hamiltonian must only be equal to the original Hamiltonian within the very same sector.
We conclude this section by explicitly writing the block-invariant Hamiltonian as,

Zh pa qa 1 ngqm paa’qoa 7 Qs7s (15)

pqrs
oT

where we define the renormalized block-invariant integrals as

1
h}(}l;l) = hpg — ) ngrrq — a10pg + %qun (16)
T
9;1(1137{)@ Ipqrs — a25pq6rs - %(ﬂpqans + Jpqﬂrs)- (17)

In the following section, we build off this work but perform the analysis in the Majorana representation, which is
required to properly implement the THC framework for the block encoding.

D. Block-invariant symmetry-shifted Tensor Hypercontraction

While recent work has shown that previous implementations of THC are within a factor of 2 to 3 of the conventional
spectral bound, which is symmetry-agnostic, they are still within a factor of 4 to 5 away from the bound in the
S = 5/2 symmetry sector of P450. We improve upon those results by proposing a block-invariant symmetry-shifted
Tensor Hypercontraction: BLISS-THC. To provide a unified framework that works both with the standard THC
representation as well as BLISS-THC, we present the results of this section using the Majorana representation of the
Hamiltonian, where ap, = (Yps,0 + #9po,1)/2 and a;fm = (Ypo,0 — ¥¥po,1)/2. This representation is preferred due to the
properties of Majorana operators, which are Hermitian and self-inverse, and have a clear one-to-one mapping with
Pauli strings after performing the Jordan-Wigner transformation. Our main result is the block-invariant Majorana-
based electronic structure Hamiltonian,

i BI
HBI = 5 Z K( )7p0 O’}/qo 1= 3 Z gpqrgf)/pa OPan 1'77’7- O’YST 1 (18)
rq qug
where
1()]31) = ngrrq + ngqrr - al(qu + %/quna (19)
91(;1372 = 9pgrs — aQ(qu(sTS - E(ﬁpqars + (quﬂrs)' (20)

These coefficients correctly encode the symmetry-shift and BLISS operations, renormalizing the coefficients that are
typically found in the Majorana representation [27]. In the BLISS-THC framework, the block-invariant four-index

BI) . .
tensor, gz(jqr?g, is factorized as,

goar = Z Cuw XEXEXEXY (21)

which, combined with the elimination of constant terms, gives rise to the block-invariant THC Hamiltonian,

~ 1 ~ 1 - 1 -
__- i z T T _ §
H= 5 Ek teVy 20,6 Vi + 3 gy U, 200U U, Zo 2 Uy 1 . Cuupes (22)
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where 7, are the eigenvalues of the one-body matrix ﬂfEI). Since the proposed implementation, as defined above

in Eq. (22), does not alter the final form of the Hamiltonian when compared to Eq. (9), we find the final 1-norm
expression of the BLISS-THC Hamiltonian is similarly given by,

Arue = Z |l + 5 Z |<MV| Z ‘5Mu‘~ (23)
7

pv



(a) Select circuit (b) Quantum registers

ac m i by by f s s x y z a ... Single qubit, flagging success in the

Prepare circuit with |1).
bo,b1 ... Registers with [log(M + 1)] qubits
Hl|#=v ]| H each, encoding the numbers p and v.

7{@ c ... Single qubit flagging the case where

v = M, which indicates that ¢, the

g —0O—9 angles of the one-body terms have to
T

be loaded, rather than two-body an-
gles 0,x. The qubit also disables the
second operator Zy,r when set.

f ... Register holding a (3+ 1)-qubit phase
gradient state oc ), exp(ink/27)|k).

i ... Single qubit that is utilized to flag
conditions under which the registers
by and by are swapped, a procedure
that is necessary as |A) has the re-
striction p < v on its indices |u)|v),
but Eq. (22) requires all configurations
of p and v, including the cases where
pu > v. This qubit plays a pivotal
role in rendering the Select circuit self-
inverse.

m ... Single qubit that is set to |1) in
the subspaces where the coefficients
Cuv are negative. This qubit can be
made redundant when the sign is im-
plemented in the Prepare circuit, as
shown in Fig. 4 of [26].

st,Sp ... Two N/2-qubit registers representing
all the spin-up/-down orbitals of the
system, respectively.

X ... Qubit flagging the case where p = v,
utilized to exclude constant terms in
the Hamiltonian in the case where o =
T.

y,z ... Single qubits that swap the registers
st and s; when set, accounting for the
spin variables o and 7 in Eq. (22).

N7

X ——H]

FIG. 1. (a) A small Select circuit of BLISS-THC for N = 8. The circuit is to be read from top to bottom, where the Z gate
refers to a Pauli Z operator on the topmost qubit of sy, H are Hadamard gates, and the gates labeled ‘i = v’ compare the values
stored in both registers and flip the target qubit if the integers match. The gates with the ¢-shaped connectors are dataloaders,
loading the angles 6 and ¥}, into freshly allocated qubits, where we adopt the elbow formalism of Babbush et al. [25]. Here

the angles 97, are the product of a combined register such that the angles 19?,C = 0,1, are associated with 2-body operators U;
and 7931'1@ = ¢ are associated with 1-body operators, following Eqs. (31). These angles serve as inputs for the programmable
Givens rotation circuits, highlighted in orange and depicted in detail within Figure 3(b), involving a phase gradient state in
register f. Note that the X gate applied to qubit i is important to make Select self-inverse i.e. (Select)® = 1, an important
prerequisite for qubitization. (b) Quantum registers in the Select circuit and the auxiliary state |A) in Eq. (25), not accounting
for garbage registers of Figure 2.

III. QUANTUM CIRCUITS

In this section, we consider the Hamiltonian block encoding of BLISS-THC, a unitary quantum circuit that acts
as the factorized Hamiltonian in a certain subspace of the quantum system. Since BLISS-THC and THC produce
a Hamiltonian of the same form, we propose a quantum circuit quite similar to the one in [26], but with a few



modifications that prove to be beneficial for its complexity. Since the electronic structure calculation consists almost
entirely of calls to the walk operator, even small modifications of the block encoding can have an impact on the overall
runtime.

In the following, we provide a pedagogical explanation of the circuit, highlight our modifications to its construction,
and refer the reader to the literature for further details. The block encoding is a sequence

PrepareJr Select Prepare

of the subroutines Select, depicted in Figure 1, and Prepare, depicted in Figure 2, as well as the uncomputation of the
latter. Let us start with the Prepare routine in Section IIT A. After learning about the routine and the qubit registers
featured in this algorithm, we move on to Select, and first focus on the part of the circuit implementing the 1- and
2-body operators in Section IIIB: circuits for the so-called Givens rotations are highlighted orange within Figure 1.
In Section III C we consider the full Select circuit as well as some of its variations that can facilitate tradeoffs between
time and space complexity.

A. Prepare

For the block encoding of BLISS-THC, we use the Prepare routine of Lee et al. to build an auxiliary state |A), as
well as a Select routine entangling the auxiliary register with the molecular system qubits, such that

(AlSelect/A) = (24)
ATHC

In this work, we represent the electron system with the qubit registers sy and s, associated with spin-up and -down
orbitals, respectively. A list of all qubits and registers can be found in Figure 1(b). The auxiliary state takes the form

M v ~ R
A) = <\/ﬁll>a22\/ G| 1350 990, 1001 ) elsign (G o + ¢1—p20>a...> 005 l0) 0, (25)

v=0 u=0
where
e the coeflicients E/w are normalized version of the 1- and 2-body operators, respectively;
e p is understood as a success probability designed to be close to 1;
e the function x — sign(z) outputs 0 unless x is negative in which case it outputs 1;
e |1) and |v) denote computational basis states representing the integers p and v in binary representation;

® 0pr, is a Kronecker delta.

To achieve the block-encoding property of Eq. (24), the coeflicients ZW, are matched to the parameters of the
Hamiltonian in Eq. (22) as

—ty for v=M and p € [0,N/2 —1]
~ 1 Cow for p,v € [0, M) and v >
G = —— gu 12 [ ) 1% (26)
ATHC Cov/4 for v €[0,M) and p=v
0 else.

The interested reader may find a detailed proof of this mapping in Appendix E. We again encounter a special treatment
of the diagonal terms (,, in Eq. (26), which is due to our version of Select excluding the constant terms, that have
been subtracted off in Eq. (22).

Note that to achieve the 1-norm of Eq. (23), we need to make sure the success amplitude p is close to unity: p — 1.
The parameter p is born from the use of amplitude amplification with partial reflections in Prepare, and the failure
amplitude /I —p in Eq. (25) can be suppressed exponentially for a negligible increase in complexity. To flag the
usable subspace of |A), we control the Select circuit on qubit a.
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FIG. 2. The Prepare circuit of [26], where the registers by and by are combined into a register b of n, qubits. The register
is then fed into the subroutine USP, which prepares a uniform superposition o 3°  |p)|v) over all 0 = M (M +1)/2 + N/2

values of y < v where Z,w # 0. This uniform state preparation uses amplitude amplification, and success is therefore flagged
in qubit a. This superposition state is a necessary input for the Alias Sampling block (orange) of Prepare, but since the basis
states of the superposition do not represent numbers from a continuous range, parsing them would be hard for the routine. An
arithmetic contiguizer (cont) therefore entangles the basis states |u)|v) of b with basis states |k(u,v)) of a temporary register,
| |)|0) — |u)|v)|k(p, v)), such that the numbers k(u,v) are covering all integers from 0 to d — 1 within the superposition.
Inside the Alias Sampling routine, a dataloader (blue) loads R-bit keep, values and alternative indices alty = (¢, k) to the index
pair (u,v) of a contiguous value k(u,v). The routine also loads sign,, the sign of the corresponding coefficient EW as well as
the sign sign}, of the coefficient Em with respect to the alternative indices. A comparator (cmp) flags the cases where the values
|m) of a register j are larger than the keep, values. In this case, the alternative indices are swapped into b. The values of qubit
¢ are computed after the Alias Sampling, using a controlled swap and the comparator ‘v = M’, Here H denotes the application
of Hadamard gates to every qubit in a register. The register j and temporary qubits make up the garbage register after the
circuit.

To encode |A), we follow the procedure of Lee et al. and utilize a modified Alias Sampling routine [46] to prepare
the state

ZZ\/’ET |46 [V)b, [trash,,)g
Voo

setting the values of qubits c and m in the process. In the resulting version of |A), the registers by and by are entangled
with some states |trash,,) in a garbage register g, but this is an acceptable overhead and has no consequence for the
calculation. The Prepare circuit of [26] is depicted in Figure 2.

Note that the dataloader, highlighted blue in Figure 2, is generally made optimal with respect to its magic state
cost, by turning the QROM into a QROAM using the techniques developed in [47]. With R qubits assigned to register

J» which is later absorbed into the garbage register g, Prepare can approximate the coefficients (,,, within the accuracy

9—R+1
M(M+1)+ N

(27)
B. Givens rotations

The Select circuit is based on a subroutine that we shall call subselect;, performing the operation,

subselect; |M>b1 ® |¢>ST = ‘:u’>b1 ® U;IZO’TUH|¢>ST7 (28)
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FIG. 3. (a) The subselect; circuit, depicted on the right-hand side, corresponds to a multiplexed application of U;ZO,TUH
(on the left). The circuit loads the angles 6, ;, into temporary registers and employs programmable Givens rotation circuits
(orange), where both Z and Zg + refer to Pauli Z operators on the topmost qubit of the register s+. In this minimal example,
st has only N/2 = 4 qubits. (b) A programmable Givens rotation subcircuit. Here, the lower register, sy fans out into singular
qubits so,1,51,1,...,Sn/2—1,4 of which this circuit uses exactly two subsequent qubits, determined by the index k£ of Gx. The
circuit implements the product of rotations exp(im0 X, ,Ys,_, ) and exp(—infYs, . Xs, _, ) for fixed-point values § < 1 in the
|#) subspace of the temporary register on top. This is done under catalytic use of a phase-gradient state in register f. The
circuit on the right-hand-side features £+ /4 rotations of Pauli strings X, . Xs,_, ., controlled flips of all qubits in f denoted by
the gates ‘X’, and a controlled Gidney adder [48], which adds the binary number stored in the register under the ‘+’ gate into
the register under the ‘=’ gate. For the Givens rotation uncomputations, this adder is replaced with an in-place subtractor,
symbolized by ‘—’.

defined with respect to one of the b;-registers. Rather than multiplexing over operators {U JZO,TU #} directly, subselect;
multiplexes over a set of parameters that define U,,: it loads a series of angles {6, }; into temporary registers based on
the index p. The quantum circuit for the subselect; routine is depicted in Figure 3(a). Let us say that each angle 6,
is represented in J+ 1 bits, i.e. we would store a positive number 6 < 1 in its binary fixed-point form to represent an
angle 276. These angles then become inputs for programmable Givens rotations, i.e. circuits that implement Givens
rotations G () for numbers |f) stored in an input register: |0)|¢)) — |0)Gr(0)|1)). Programmable Givens rotations
make catalytic use of phase gradient states,

23+1_1

imk/22
= = > R, (29)
that we store in a register f. With such a state |¥), as well as a temporary register holding an angle 6, we can perform
the phase operation A|0)|¥) = exp(—i2760)|0)|¥) with an in-place adder A, adding the content of the temporary
register into |¥). Using this phase gradient state addition for rotations exp(i2w0P) of some Pauli string P, one must
additionally flip the sign of the angle, i.e. # — 1 — 6, in the (—1) subspace of P. This can be achieved by flipping all
qubits of f conditional on the value of P [48]. However, a single Givens rotation consists of two (commuting) Pauli
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string rotations acting on consecutive qubits (k and k — 1 for Gj) with opposite angles:
Gr(0) = exp(im0 X Yi—1) exp(—im0Yp Xk—1) , (30)

and so Gj(6) has the eigenvalues {1, exp(i270), exp(—i276)}. Hence we can implement Gj(6) with two separate
adders, or we can fuse the two adders into a single circuit: a controlled adder featuring conditional flips of the phase
gradient register. The fused-adder circuit, shown in Figure 3(b), has a lower AV than the separate-adder circuit,
used in [26]. It even has a lower Toffoli count, considering that the bit strings going into the fused adder correspond
to angles 6 rather than 6/2, and are therefore one bit shorter. Putting everything together, the subselect; operator
multiplexes over all possible values |u) of the register b;, writing the respective angles 6,,;, into temporary registers and
feeding those into a sequence of programmable Givens rotations circuits. While the set of angles {6, }, constructs
the operators U, associated with the 2-body terms, we also define the set of angles {¢,}+ used to construct the
1-body operators V;:

N/2-2 N/2-2
IT GeOu) =0, T Grléur) =Vi- (31)
k=0 k=0

The relationship between the rotation angles 6, and the tensors x/ are discussed in Appendix B. For the 2-body
terms, Select must call two instances of subselect; sequentially, one for b; = by and the other on b; = b;.

C. Select

Besides multiplexing over different Givens rotations, the Select circuit in Figure 1(a) fulfills a number of tasks. It
needs to:

(i) Switch between one- and two-body terms;
(ii) Swap registers sy and s; to account for spins o, 7 as in Eq. (22);
(iii) Only keep the terms o # 7 in the case pu = v;
(iv) Access the cases p > v not encoded in |A); and
(v) Make sure the whole Select circuit is self-inverse.

To accomplish task (i), we use the qubit ¢ as an indicator for when to load the angles ¢,,;, rather than 6,,,. The tasks
(ii) and (iii) are fulfilled using the qubits x, y and z. Identifying the spins 71, | with bit values 0, 1, the qubits y and z
are prepared in o< 3 >°_,y[0)|7), and qubit x acts as a switch for this state to be either [+)|+) or (|01) + 110))/v/2.
For task (iv), bg and by are swapped controlled on the subspace of qubit i. The Select is self-inverse following the
argument outlined in Lee et al. [26], where it is suggested that most of what we see in Figure 1 is just a unitary
transform of the actual Select circuit, the (self-inverse) Pauli X operator applied to qubit i towards the end.

We have two more comments to make about Select. First, while the angle parameters 6,5, and ¢, are fixed-point
numbers represented with J + 1 bits of precision, we have found that they can be represented with only 1 bits, as
we have the freedom to set their first bit to zero. To our knowledge, this has not been considered in prior art. Our
definition of J is hence somewhat different from the work of Lee et al. For more details, we would like to refer the
reader to Appendix B. Second, note that the Select circuit in Figure 1 is optimized for the lowest magic state count
and uses a lot of auxiliary qubits. Specifically, the elbow dataloader needs to reserve 3 bits of precision for each of
the N/2 — 1 angles, leading to an overhead of 741 qubits for P450 (N = 116 and 3 = 13). This qubit requirement
can be alleviated by a simple modification: instead of loading all N/2 — 1 angles at once, one may decide to load only
r angles at a time, using r x J auxiliary qubits. After one batch of angles has been fed into r Givens rotations, a
subsequent dataloader would load the next batch into the same temporary registers, overwriting their previous values.
This process is depicted in Figure 4. Batching in groups of r angles would require (N — 2)/r more dataloaders per
subselect, which increases its overall complexity regardless of how we measure it, but it can prove to be useful when
the number of qubits is a limiting factor.
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FIG. 4. Batching the angle loading exemplified on a part of the Select circuit. (a) No batching: all angles are loaded at the
same time, each into a separate temporary quantum register. Givens rotations then feed on those individual registers. This
results in the version of Select depicted in Figure 1. It has the lowest magic state requirements but uses the largest number of
qubits. (b) Some batching: a number of angles loaded at the same time, right before their use in Givens rotation circuits. This
reduces the qubit cost but requires repeated data loading, increasing the Active Volume. After the Givens rotation circuits of
one batch are done, new angles are loaded into the already-allocated temporary registers. Those registers still hold the values
|6,2) and |6.3), but the data strings 67,5 and 6;;; are defined such overwriting the temporary registers leaves them in the states
|00) and |0,1). (c) The maximum amount of batching: each angle is loaded right before its respective Givens rotation circuit.
This version uses only one temporary register to store angles. After the k-th Givens rotation circuit, we are turning the state
6.1) into [0, (x41)) by loading the data strings ), ;1)

IV. FRAMEWORK FOR HARDWARE AND RUNTIME CALCULATIONS
A. Active Volume and physical resource estimation

This subsection outlines our methodology for estimating the physical resources required to execute a quantum
computation using photonic fusion-based quantum computing hardware. We consider two architectures from the
literature: a baseline (BL) interleaved fusion-based quantum computing (FBQC) architecture [41] and the Active
Volume (AV) architecture [39]. To simplify our resource estimation, we will assume our architectures implement
surface codes and logical operations are carried out using lattice surgery [49].

We will first quantify the logical resources, and then translate those estimates into physical resource counts. For both
of the aforementioned architectures, the canonical metric for quantifying logical resources is the spacetime volume.
Roughly speaking, one can calculate the spacetime volume by multiplying the number of logical qubits by the number
of logical cycles required to complete the computation. A logical cycle comprises d code cycles, where d refers to the
code distance and a code cycle is the time required to measure every syndrome. We often measure time in units of
logical cycles because a logical cycle is the period in which a single lattice surgery operation is implemented [50].

As the spacetime volume is a product of the two main resources used in a computation — number of qubits and
time — tradeoffs between these two resources are captured well by this metric. The quantum architecture determines
the layout of the logical qubits and how logical operations are implemented, so the choice of architecture can have a
profound influence on the spacetime volume. Thus, our first task will be to quantify the spacetime volume for both
the baseline and AV architectures.

The baseline architecture assumes 2m logical qubits, of which half are memory qubits (we will in fact use m as the
number of memory qubits) and the other half are workspace qubits. In addition to memory and workspace qubits,
a third group of qubits is reserved for distilling magic states to implement T gates, as shown in Fig. 5(a). In the
simplest variant of this architecture, we use enough magic state factories to produce 1 T gate per logical cycle. [51]
Then while the next T gate is being produced, the workspace qubits can consume the magic state produced in the
previous logical cycle. This simple production and consumption strategy ensures that the total computation time
only depends on the number of T gates that have to be produced. In fact, we can use the total T count, or nr, as a
representative proxy for the time dimension of the spacetime volume metric. Thus, the spacetime volume of the BL
architecture is 2m X np, where m X ny is also referred to as the circuit volume.

In the AV architecture, circuit volume is replaced by Active Volume. Active Volume is simply the number of lattice
surgery operations used in the computation. The Active Volume architecture has a total of n = m + w logical qubits:
m qubits are allocated for memory, and w qubits are allocated for workspace. Unlike in the BL architecture described
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(a) Baseline architecture

(b) Active volume architecture

Logarithmic number of
Memory additional connections

FIG. 5. FBQC architectures considered in this work, where nodes correspond to surface code patches. (a) Baseline architecture,
with connectors signifying geometric adjacency, enabling lattice surgery operations, between workspace (yellow), memory (blue),
and distillation (purple) qubits. (b) Active Volume architecture, in which distillation is done with the workspace qubits. Within
the memory and workspace groups, a logarithmic number of additional connections per qubit lets us swap qubits quickly. These
additional connections allow workspace qubits to connect with any memory qubit with a small number of quickswap operations.
Thus, unlike the baseline architecture, we can vary the number of workspace qubits while maintaining connectivity.

above, the number of workspace qubits is not restricted to be equal to the number of memory qubits and we have
the option to vary the number of workspace qubits [52]. The workspace qubits carry out magic state distillations
and logical operations so the more workspace qubits we have, the faster we will compute. This architecture has a
logarithmic number of non-local connections among memory qubits and workspace qubits that facilitate operations
such as quickswaps to help “pack” each logical cycle with lattice surgery operations, see Figure 5(b). To emphasize
that we are “packing” lattice surgery operations as much as possible, we often refer to lattice surgery operations in the
AV architecture as logical blocks. ‘Logical blocks’ is thus the unit of AV and circuit volume counts. Optimistically,
the additional connections given in the AV architecture allow us to execute w logical blocks in each logical cycle. A
quantum computation with a total Active Volume of b,, logical blocks results in an estimated spacetime volume of
(w+m) X (bay/w) = (14 2)bay. To roughly estimate b,y or the total Active Volume of an algorithm, one could look
up and sum the numbers of logical blocks in an Active Volume architecture for various operations and subroutines
from Table 1 of Ref. [39].

In summary, for a BL architecture, the spacetime volume is approximately 2 x circuit volume, while for an AV
architecture, the spacetime volume is approximately (n/w) x Active Volume:

Spacetime volume (STVol) = number of logical qubits x number of logical cycles
STVOIBL = 2m X nr = 2XmXx nr (32)
logical qubits  ]ogical cycles circuit volume
n n
STVolay = (m+w) X ba/w = — X by = — ( > bw), (33)
" y w ~~ w i€subroutines

logical qubits  logical cycles Active Volume

where b,y ; is the number of logical blocks in each subroutine used in the computation. Due to the additional operations
that pack or parallelize more logical blocks per logical cycle, an Active Volume architecture can significantly reduce
the overall spacetime volume of a given computation, implying that Active Volume can often be significantly lower
than circuit volume.

Now that we have estimated the logical resources, we can calculate the physical resources required for executing the
computation, including runtime and footprint [53], using additional information about the hardware. For a general
surface code-based quantum computation, the physical runtime can be estimated as,

tecomp = number of code cycles x code cycle time, (34)

where the number of code cycles is the number of logical cycles times the code distance d. For the baseline architecture,
we recall that the number of logical cycles is ny. For the Active Volume architecture, the number of logical cycles is
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bay/w, where b,y is the total Active Volume. The code cycle time depends on the hardware. For instance, the Google
Quantum AT team often reports the code cycle time of their superconducting circuit-based quantum computers to
be on the order of microseconds [18, 54-56]. The physical footprint can be estimated based on the number of logical
qubits and the code distance.

We now specify the equations for estimating the runtime and footprint for photonic FBQC hardware. At a high level,
FBQC involves the generation of entangled few-photon resource states, storing them in optical fiber or delay lines,
and implementing entangling two-photon measurements between different resource states that are called fusions [41].
The generation and measurement of resource states are prescribed by a fusion graph, which can be mapped from
a spacetime diagram, a common representation used to specify a surface-code-based quantum computation. This
mapping determines fusions by corresponding stabilizer measurements in the spacetime diagram representation.

A FBQC has a number of Interleaving Modules (IMs), which generate and hold these photonic resource states.
Active Volume architectures use a modified version of the interleaving modules in baseline architectures, due to the
different connectivity requirements (see Fig. 4 in [41] and Fig. 23 in [39]), but we shall regard the two types as
comparable. These resource states pass through delay lines connecting interleaving modules over specific durations
before participating in measurements called fusions. In this simplified picture, FBQC can be viewed as a game of
delaying and routing resource states before fusions — the length of the delay line determines the ratio of logical qubits
per IM. In contrast, connections between different interleaving modules and fusions facilitate operations.

The expression to estimate the footprint can be more easily understood by considering how logical qubits are realized
in FBQC. The number of logical qubits depends on the maximum number of resource states present simultaneously in
the interleaving module, which is linearly dependent on the length of the longest delay line in the interleaving module
l4elay and the number of interleaving modules nn. Assuming a surface code, each logical qubit requires a total of d?
resource states, despite practical implementations of surface code typically requiring 2d? — 1 physical qubits. This is
because the fusions between resource states act as syndrome measurements, eliminating half the qubits that would
typically be needed to hold the syndrome data in a surface code [57].

Thus, the number of logical qubits n in a FBQC at any given time can be written as

2
n=  NIMNRS per IM X 1/d (35)
—_———
number of resource states  ratio of logical qubits
over all IMs to resource states
where nRg per i is the number of resource states that can be stored in one interleaving module. We can write
TRS per IM 85

ldela

y

NRS per IM = T'IM X —— (36)
Cfiber
N——

delay time

where oy =~ 10° Hz [39] is the rate at which an IM produces resource states, lgelay is the length of the fiber optic
cable, and cgper &~ 2 x 10° km/sec is the speed of light in fiber optic cables. The footprint can then be estimated by
rearranging the equation with respect to the number of IMs:

2
nd Cfiber

nmm = (37)

1M ldelay

While our explanation derives the number of IMs based on the memory requirement of a computation, in practice,
the number of IMs is fixed.

If we denote the total number of resource states needed to complete the computation as Voleomp, then the runtime
can be estimated by the time required to produce all of those states:

—1
tcomp = VOlcomp X (nIMrIM)

resource states created

in 1 second (38)
VOlcomp ldelay
nd? Cfiber

This volume can be estimated based on the spacetime volume, which is defined by the architecture

Voleomp = STVol x d°. (39)
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where STVol is the spacetime volume as given by Egs. (32) and (33). Putting the last three equations together with
Egs. (32) and (33), we can calculate the total time for both the baseline and Active Volume architectures as

letan nr for BL architectures
elay

Cfiber bay/w for AV architectures.

(40)

tcomp =

Although these equations may seem remarkably similar, we will see in the next section that optimizing these two
equations to reduce the runtime can be quite different.

B. Architecture Optimization

Egs. (37) and (38) show a linear spacetime tradeoff between the number of IMs and the physical runtime in the
baseline architecture. If all the interleaving modules use a shorter delay line length, Eq. (38) dictates that this will
proportionally reduce the runtime of the algorithm. However, in order to run the algorithm we must still have n
qubits available to satisfy memory requirements. By Eq. (37) we must increase the number of interleaving modules
niv to make up for the decrease in qubits incurred by decreasing lgelay. One can see this as an example of a spacetime
tradeoff where we can decrease the time of the computation by increasing the size of the computer. This spacetime
tradeoff is a feature of FBQC and is referred to as Interleaving [41].

In the Active Volume architecture, we have access to another tradeoff worth considering: trading code distance for
the number of workspace qubits. If we can decrease the distance and increase the number of logical qubits, those new
logical qubits can be added to the workspace and reduce the number of logical cycles.

To demonstrate this tradeoff mathematically, let us explicitly calculate the runtime for the case of the AV architec-
ture by combining Egs. (37) and (40). We start with a quick rearrangement of Eq. (40) and then plug in Eq. (37) for
n

l bav d
tCAO\inp _ delay Yav @ (41)
Cfiber TV — M
bay d°
S hed (1)
MIMTIM — ldclz; md

Note that decreasing d will decrease the computation time and, in contrast to the baseline architecture, increasing
laelay also decreases the computation time. Lowering the distance decreases the time because it lowers the time it
takes to complete a logical cycle. Increasing l4c1ay decreases the computation time because the qubits made available
by increasing the delay length can be used to execute logical blocks. However, one cannot simply reduce the distance
of the code to achieve an arbitrarily low runtime. The distance has to be kept large enough such that the computation
does not incur an error. We derive this minimal distance dp;p.

It is common to model the probability of an error in a computation using an exponential model:

probability of failure per logical block = 107o%. (43)

The parameter « is defined by

o = logy, <pphys> (44)
Pthresh

where pphys is the physical error rate and penresh is the threshold error rate of the quantum error correction code. To
account for varying levels of hardware performance affecting ppnys, in the analysis in Section V we report numbers for
both @ =1 and « = 1/2. We expect that & = 1/2 is a more realistic estimate for an early FTQC device. However,
previous literature has used oo = 1 for their resource estimates. However, since current developments [56] are at the
level of o = 0.33, we shall regard the o = 1 case as optimistic and treat the case o = 0.5 as realistic alternative.

We can use this model to relate the distance d to the number of logical blocks that can be executed:

pp=1— (1 . 10704%)STV01AV (45)
~ STVolay x 10792 (46)
STVolay = ps10°2, (47)
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where pr is the probability of failure for the overall algorithm and STVolay is the total spacetime volume of the
computation in logical blocks. The above equation is valid for both Active Volume and circuit volume. We can
directly relate this to the Active Volume by using Eq. (33)

baw & —pe10%%. (48)
n

Finally, let us use the total number of qubits n = w +m and Eq. (37) to give

d2 iber
Doy ~ <1 - mcﬁb> pr10°%. (49)
NIMTIM L delay

The above equation tells us the maximum number of logical blocks b,, we can execute with m memory qubits and a
total probability of failure p¢. We can then define dyy;, to be the minimal distance, which satisfies the above relation.
There is no closed-form solution for dy,i,, however, since dp,;, will almost certainly be less than 100, it can be found
numerically. By inserting this d,i, into Eq. (42) we obtain an explicit relation for the minimal computational time.

V. RESULTS

In this section, we present logical and physical resource estimates, as well as runtimes of the electronic structure
calculation for the P450 cytochrome molecular benchmark system. As in all former studies we take the heme group
from the active site of P450 as a model system for the enzymatically relevant part of the protein and reduce the
number of orbitals in the Hamiltonian by selecting a (63e, 580) active space model in the high-spin (S = 5/2) electron
configuration [18, 58]. In Section V A, we discuss the BLISS-THC factorization of P450, obtaining not just the new
1-norm Arpc that gives us an immediate speedup over THC, but also a suitable BLISS-THC rank M as well as the bit
precision parameters X and 3. Those numbers are the basis for the circuit compilation Section V B, where we present
logical resource estimates along with the combined speedup for BLISS-THC, AV compilation and circuit modifications.
In Section V C, we estimate wallclock runtimes using various amounts of interleaving. Due to optimizations of the
code distance, the speedup is increased even more. We conclude Section V C with a discussion about the minimal
number of IMs for a target runtime. A final attempt to reach a larger speedup is made in Section VD, where we
discuss how loading angles in batches within the block encoding influences the runtime of the entire calculation.

The analysis that we have subjected P450 to can of course also be applied to other molecular systems. The interested
reader may find results on the speedup for the electronic structure calculations of FeMoco in Appendix A.

A. BLISS-THC factorization

Just like other factorization schemes, BLISS-THC requires a user-specified error threshold to determine the optimal
rank and bit precision requirements for the coefficients ¢, as well as the rotation angles associated with the unitary

implementation of x/4. However, practical reasons demand that the optimal two-index tensors <~;w and xf, must be
found to arbitrary precision first. To that end, we perform a numerical optimization, for which we propose the
BLISS-THC cost function,

2
+p<z|zk|+;z@M—izm), (50)
k pv “w

as a modification to the regularized cost function of Goings et al. [18]. Like its predecessor, this cost function includes
prior knowledge of the computational cost of quantum phase estimation with a Lagrange multiplier p. While the
original cost function was only optimized for the tensors (,,, and x4/, we include here the symmetry-shift and BLISS
coefficients, denoted by « and [ respectively. The numerical optimization of the THC tensors attempts to find
an optimal tradeoff between minimizing the fo-norm with the smallest THC rank M while also minimizing the 1-
norm. Unlike previous work, we explicitly include the 1-body contribution to the 1-norm in the regularization term.
Fundamentally, the need for this inclusion arises from the BLISS coefficients, 3,4, which affect 1-body and 2-body

Hamiltonian operators. Since this is BLISS-THC, the conventional four-index tensor gp4rs is replaced with the block-

invariant tensor 91(7}32 (a, 8) which is implicitly defined with respect to coefficients o and 3. Similar to prior THC

workflows, our optimization procedure starts with a symmetric canonical polyadic decomposition of the Cholesky
vectors to provide the initial guess, followed by a regularized optimization of the BLISS-THC tensors.

s 1 e v,V
ClosB,x:0) = 5 D |ghars(@: B) = D Gu XXX
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TABLE III. BLISS-THC results for the factorization rank M, the ¢2 norm of the difference tensor gpqrs — Gpgrs (Where gpgrs
is the version of gpqrs, reconstructed from the factorization), the CCSD(T) error and the BLISS-THC l-norm Aruc. We
ultimately choose the THC rank M = 160 (highlighted in blue) due its CCSD(T) being below the threshold of 0.3 mEy. Recall
that Goings et al. find a rank of M = 320, which is exactly twice the rank for BLISS-THC, as well as a 1-norm of 388.9 Ey,,
roughly 3 times as high as ours.

Rank f3-error CCSD(T) 1-norm
M (En) error (mEyn) (En)

120 0.343 5.17 132.6
140  0.224 1.50 132.6
160  0.206 0.29 130.9
180  0.122 0.11 134.4
200 0.106 —0.03 133.3
220 0.065 0.32 139.3
240  0.054 0.25 137.4
260  0.042 0.29 138.1
280 0.033 0.26 138.9
300 0.032 —0.04 138.9
320 0.024 0.28 139.1

The cost function of Eq. (50) evaluates the fo-norm error of the truncated BLISS-THC Hamiltonian in Eq. (13)
with respect to the exact Hamiltonian of Eq. (1). While this is a suitable error metric for the optimization procedure,
it does not provide a tight error bound with respect to the correlation energy. For the truncation, we therefore
estimate the error €yunc. using CCSD(T) calculations in PySCF [59] based on the reconstructed 1l-electron and 2-
electron integrals. From the results, we choose the final BLISS-THC rank M, which satisfies the user-specified
threshold €gpyne. < 0.3mEy, from [26]. To validate our approach, we further evaluate the truncation error € ync, using
Block2 [60] DMRG calculations, increasing our confidence in the chosen THC rank.

We present the analysis of the THC rank with respect to CCSD(T) values for €irune. in Table III. Notably, we
observe an increase of the 1-norm as a function of the THC rank while still maintaining a sub-milliHartree CCSD(T)
correlation energy error for nearly all cases. These results establish that the lowest possible rank is M = 160, which
meets the target error threshold of 0.3 mE},.

With the rank now fixed, we set out to find the number of bits for the precision of the Alias Sampling state
preparation and Givens rotations, X and 3. In Figure 6, we present a 2D heat map of CCSD(T) correlation energy
error defined with respect to X and J. Similar to prior art, we observe a non-trivial oscillatory behavior in the CCSD(T)
correlation energy error. To ensure an error threshold of less than 0.3 mEy, is met, we choose (X,3) = (13,13). This
choice is confirmed by the DMRG results, where the error to the correlation energy introduced by the BLISS-THC
procedure is 0.08 mE;, for a bond dimension of 1500. For details on the DMRG results, we would like to refer the
reader to Appendix C.

B. From factorization to Active Volume, circuit volume and speedups

With all parameters of the factorization fixed, we can now compile the quantum phase estimation routine central
to this electronic structure calculation, while neglecting any overhead that might be incurred in the initial state
preparation, as well as repetitions of the entire algorithm to increase the statistical confidence of the results. The
computational volume of the routine, as well as its qubit highwater [61], will critically depend on which Select circuit
we pick, and we have several versions to choose from: the Select developed in Section III differs somewhat from prior
art [26] due to our use of fused adders, tighter analysis for the bit precision, and the treatment of diagonal terms in the
THC matrix. Also, the possibility of batching offers a number of variations on each version of Select. For now, let us
focus on versions of the circuit where all angles are loaded in a single batch: that is, the Select with our modifications
as well as the literature version for comparison. To correct some inaccuracies in the logical resource counts of the
literature reference, we have re-estimated the resources of the THC algorithm with respect to the parameters X = 10,
J=18162], A = 388.9E, and M = 320 from [18§].

From only their logical resource estimates, we can derive relative speedups between two quantum calculations
without explicitly computing their respective runtimes. For the total runtime speedup, taking into account the
effects of circuit modifications, BLISS-THC and AV compilation, the following two quantum programs are relevant:



18

|Ecorr — E~corr|

10—0.6
20 10—1.0
10714
18 1018
10—22
-2.6

16 10
10—3.0
l—l 10—3.4
14 10—3.8
* 10—42
12 1046
L]
10—54

10
T T T T T T 10738
10 12 14 16 18 20

N

FIG. 6. Heat map of the error between the CCSD(T) correlation energy calculated with the uncompressed Hamiltonian and
the BLISS-THC compressed Hamiltonian as a function of fixed point precisions X and 3. The star indicates the combination
(N, 3) = (13, 13) selected for the BLISS-THC of P450. We have also performed a DMRG calculation with bond dimension 1500
for the tuples (X,3) = (13,13) and (R,3) = (11, 14), confirming an error in the correlation energy of 0.08 mE;, and 0.10 mEy
respectively. For comparison, Goings et al. have found a tuple of (X,3) = (10, 18) with respect to our definition of 3, however,
we believe that their report has neglected the preparation of 1-body terms, which would have changed the landscape of both
N and 3.

TABLE IV. Toffoli count, memory qubit highwater, circuit volume as well as Active Volume for the electronic structure
calculation of P450 with respect to the THC Hamiltonian of [26] and the BLISS-THC Hamiltonian developed in this work.
For both Hamiltonians, we offer the choice between the Select circuit of [26] and our modified Select in Figure 1. In this
table, we have highlighted the circuit volume with respect to the prior-art Select using the THC Hamiltonian, as well as the
Active Volume of our modified Select using the BLISS-THC Hamiltonian. The ratio of these two numbers is important for the
computation of the relative speedup factor in Eq. (52). Note that we have effectively re-estimated the logical resources for the
circuit of Goings et al. with respect to their reported rank, 1-norm, and precision parameters.

Hamiltonian Circuit mods Toffolis Memory Circuit Volume Active Volume
THC no 7.786 x 10° 1,357  42.264 x 10'2 1.678 x 10*2
yes 7.647 x 10° 1,298  39.703 x 10'2 1.594 x 10*2
no 1.761 x 10° 1,058 7.450 x 102 0.249 x 10'?
BLISS-THC yes 1.714 x 10° 999 6.848 x 102 0.228 x 102

computation 1 is our version of the algorithm run on an AV architecture using BLISS-THC, and computation 0 is the
literature version of the electronic structure calculation for reference. Let us say we run both computations on devices
with the same footprint, which for now shall mean identical code distances, interleaving lengths and qubit counts.
The latter would pose a condition to be enforced. Following Eq. (40), the speedup tcomp,0/tcomp,1 With respect to the
individual runtimes tcomp,; of computations i = 0,1 is

tcomp,O _ nrowi 7 (51)
tcomp,l bav,l
where b,y 1 and w; are the AV count and workspace size of computation 1, and nr is the T count of computation
0. Due to being run in a baseline architecture, computation 0 has a 1:1 ratio between the sizes of workspace and
memory, while the number of workspace qubits can be freely chosen for computation 1. Through circuit modifications
and BLISS, the memory of computation 1 will be somewhat relaxed, and so we reassign the freed-up memory qubits
to the workspace, such that the sum of memory and workspace qubits remains constant for both computations. With
w1 = 2mgy —my, where mgy and m; are the memory qubit highwaters of computation 0 and 1, respectively, the speedup
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FIG. 7. A callgraph showing the AV for a hierarchy of relevant subroutines emanating from the BLISS-THC block encoding of
P450 (center). The subroutines labeled UJZO,T U, and U} Zo,1+U, are versions of subselect, multiplexing over indices p and
v, where the former also the multiplexes over 1-body operators. The basis rotations U, and U, include Givens rotations and
dataloaders.

in Eq. (51) becomes

tcom bCV
;),():(2_m1>,07 (52)

tcomp,l

where by o is the circuit volume of computation 0. While circuit volume is easily accounted for, we must obtain an
upper bound on the total Active Volume by adding the AV costs of the algorithm’s sub-components. A repository
for the Active Volume costs of all subroutines relevant to this case can be found in Table 1 of [39]. We present the
results of our logical resource estimations for computations featuring THC and BLISS-THC Hamiltonians and with
and without our modifications to Select in Table IV. Plugging the highlighted values for circuit volume and Active
Volume into Eq. (52), it becomes apparent that we have achieved a total speedup of 233.9x over the runtime of the
THC algorithm on a baseline architecture. While our modifications to the Select circuit have a small, yet positive
effect on the AV, it is not the only way in which they reduce the runtime. Through the modifications, Select also
calls fewer qubits, making room for a larger workspace. This reduction in the memory is due to encoding each of
the 57 Givens rotation angles using J rather than J+ 1 qubits. An even larger reduction in memory is achieved by
switching from THC to the BLISS-THC Hamiltonian, where 3 is 13 rather than 18. While J has the biggest impact
on the global qubit highwater, the Prepare circuit allocates roughly M /X/2 + log M qubits for a QROAM dataloader
in Alias Sampling. This local qubit highwater is almost on par with the one of Select.

Before we move on to runtimes, we present a breakdown of AV costs between the algorithmic subroutines. The
callgraph in Fig. V B provides insight into the relative cost between the different parts of a single BLISS-THC block
encoding. In computation 1 40% of the total AV is spend on Prepare and 10% on PrepareT, while the Select routine
accounts for the remaining 50%. Inverse routines are usually cheaper, as they tend to feature measurement-based
uncomputation, such as in right elbows and inverse dataloaders. It is worth noting that AV compilation shifts the
relative costs of some subroutines: in previous cost metrics, the adders associated with the Givens rotations account
for roughly 4N Toffoli gates in a single instance of Select, which dwarves the roughly 2M + N Toffoli gates in the
dataloaders by an order of magnitude. However, the AV costs of adders and dataloaders are quite similar. This is
likely due to the cost associated with the Clifford gates: writing and overwriting (2M + N)(N/2 — 1) different angles
of 3 bits into temporary quantum registers requires many conditional bit-flips.
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TABLE V. Numbers of interleaving modules, code distances and runtimes for the electronic structure calculation of P450 as
a function of the delay length (lgelay) as a tunable parameter for interleaving. The table considers two computations 1) the
BLISS-THC calculation with circuit modifications run on an AV architecture; and 2) the THC calculation without circuit
modifications run on a BL architecture. For a direct comparison, the number of IMs for the AV calculation is matched to
the IM requirements of the BL run, and code distances are computed for a logical error probability of < 10% with respect
to the whole algorithm. Additionally, we distinguish the cases of @ = 0.5 and @ = 1. Runtimes are presented in the format
hours : minutes : seconds.

1m delay 10m delay 100m delay 1000m delay
Algorithm (Architecture) e d IMs  time IMs time IMs time IMs time
THC (BL) 0.5 60 1,954,080 2:35:44 195,408 25:57:16 19,541 259:32:38 1,955 2595:26:18
BLISS-THC (AV) 0.5 50 1,954,080 0:00:20 195,408 0:03:17 19,541 0:32:42 1,955 5:26:47
THC (BL) 1 30 488,520 1:17:52 48,852 12:58:38 4,886 129:46:19 489 1297:43:09
BLISS-THC (AV) 1 25 488,520 0:00:10 48,852 0:01:39 4,886  0:16:21 489 2:43:17

C. From computational volume to runtimes and device footprint

For Eq. (52), we have assumed the code distances of both computations to be the same, but we can do better: due
to its lower computational volume, the AV-based BLISS-THC computation requires a lower code distance. While this
would give the runtime an additional boost according to Eq. (40), lowering the distance of every logical qubit would
also reduce the required footprint. Following Section IV B, we minimize the code distance and compute the runtimes
after assigning freed-up resources to the workspace. In doing so, we can ensure a direct comparison between the two
different computations, by keeping the number of IMs fixed. Note that the runtime improvement of 233 %, obtained
in the previous subsection, is retained as lower bound on the speedup, independent on the physical error rate and the
threshold. Both of these parameters are captured in the error suppression constant o of Eq. (44). In Goings et al.’s
paper, runtimes are obtained for @ = 1; an optimistic assumption for early fault-tolerant quantum computers, that
we would like to contrast with a more realistic scenario of o = 0.5.

In Table V, we finally present runtimes, IM numbers and code distances for the two relevant computations: the
THC algorithm of [26] run on a baseline architecture, as well as our BLISS-THC algorithm run on an AV architecture.

For both computations, we keep the number of IMs fixed, and distinguish the optimistic scenario of &« = 1 from
the realistic scenario of @ = 0.5. In all cases, the total wallclock speedup is roughly 476x. Using the length of
the optical fiber to tune the amount of interleaving, footprints are traded off against runtimes for the computations
considered. The shorter the delay length, the lower the ratio of resource states per interleaving module, which makes
the computation faster, but increases the number of interleaving modules required.

When we want to keep the quantum computer as small as possible in physical size, the delay lengths need to be
maximized. To still reduce the runtime, we can then change the ratio of workspace to memory qubits: the more
qubits we dedicate to the workspace, the more logical blocks can be executed in parallel.

In the following example, we want to compute the minimum number of IMs required to run our BLISS-THC
algorithm in a specific time frame. Let us say we fix the interleaving length to 2km — a large value at which we
start to notice the effects of fiber loss [41]. As the number of memory qubits is fixed by the algorithm, the minimum
number of IMs is determined by how many qubits we will need in the workspace. In Table VI, we provide the results
for a runtime of 73 hours, which is the runtime reported by Goings et al. [18] for an algorithm with 4.6 x 10% physical
qubits. We also consider the runtime of 1 hour as an intermediate milestone on the way to industrial utility. Table VI
presents number for both a = 1 and a = 0.5, together with runtimes for a modified Select, that we discuss in the next
subsection.

D. Batching

In a final attempt to speed up the computation, we utilize a tradeoff between qubit highwater and AV counts within
the algorithm. Previously, we had decided to only consider versions of Select that load all Givens rotation angles at
once — those circuits are optimal with respect to Toffoli and AV counts, but have a large memory qubit highwater. In
fact, the local highwater of Select dominates the qubit requirements of the entire algorithm for P450. Allowing circuits
that load the angles in batches as depicted in Figure 4, we reduce the qubit requirements of the entire algorithm at
the expense of a higher AV. Once the qubits are freed up in memory, they can then be reassigned to the workspace,
allowing for a possible runtime speedup assuming the AV hike is overcome in the process.
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FIG. 8. Active Volume and logic qubit count of BLISS-THC-b for various batch sizes. BLISS-THC-b is a version of our
algorithm for BLISS-THC, where the angles for the programmable Givens rotations are loaded in batches as indicated in
Figure 4. As an additional modification, we turn the QROAM [47] in Prepare back into a QROM. If we did not do this, we
would not be able to access the qubit numbers left of the orange separator, as the reduction in the qubit count of Select would
be over-towered by the local qubit highwater of Prepare. While clearly not optimal with respect to magic-state counts, this
modification has a smaller impact on the AV, which we can now trade off for the number of logical qubits. The lowest number
of qubits achievable is 271, at an AV of approximately 7.26 x 10! logical blocks for the algorithm in which we load every angle
before the corresponding Givens rotation, as displayed in Figure 4(c). The degree of batching is not made explicit here, but
higher qubit numbers correspond to larger batches, and the right-most point represent the standard BLISS-THC version, where
all angles are loaded at once.

To avoid confusion, let us refer to any BLISS-THC calculation with a Select using batched dataloaders as BLISS-
THC-b calculation. There is one more modification that we have to make for BLISS-THC-b: in Prepare, the dataloader
associated with the Alias Sampling routine, highlighted blue in Figure 2, needs to be relaxed. By adjusting the lambda-
parameter of its LKS construction [47], we can force the QROAM back into a QROM, and reduce the number of
qubits allocated by the routine from roughly M+/X/2 + log M to R + 2log M while approximately doubling its AV.
Note that this qubit tradeoff always increases the AV of Prepare. However, if we did not make this modification, then
reducing the local highwater of Select would at some point have no effect on the global highwater, as the qubits freed
up in Select would still be needed in Prepare.

The AV numbers for various instances of BLISS-THC-b with different batch sizes are presented in Figure 8, showing
also the qubit minimum that a magic-state-optimal QROAM in Alias Sampling would have imposed.

From this plot, we chose the instance of BLISS-THC-b that minimizes the runtime. Table VI contains not just
the number of IMs for targeted runtimes but also provides the lowest runtimes for the corresponding BLISS-THC-b
calculations. For the devices with lower IM numbers, we find that BLISS-THC-b is able to provide a speedup, while
for the devices with a bigger number of IM, the runtime is unchanged. For the latter, the optimization defaults to the
case where all angles are loaded in a single batch, turning BLISS-THC-b back to BLISS-THC as no other number of
batches provides a runtime speedup. In the smaller devices, the optimal runtime is achieved when loading the angles
in 7 batches.

As an alternative to batching, we have also considered converting Hamiltonian data into a unary representation,
and so relax the angle loading. While one would expect this to come with a large qubit highwater, it is only narrowly
beaten by batching, as we discuss in Appendix D.

VI. CONCLUSION

New algorithms and methods will find application in an industrial setting only if they can deliver accurate results for
systems of relevant sizes in timeframes compatible with industrial development cycles. This means that to gauge the
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TABLE VI. Number of interleaving modules required for corresponding runtimes of BLISS-THC and BLISS-THC-b for four
hypothetical devices targeting a 72-hour and a 1 hour operation of BLISS-THC at optimistic (o = 1) and realistic (o = 1/2)
assumptions regarding the error model. The 73-hour number is set to match the benchmark of Goings et al. [18], where the
optimistic assumption of o = 1 is used. Here, the delay length is kept as long as possible at 2km, at which the loss threshold is
argued to be only somewhat affected [41]. Note that for the smallest device, we cannot achieve 73h directly, so we report the
largest runtime below the target.

BLISS-THC BLISS-THC-b

7+ IMs runtime (h) runtime (h)
8184 0.5 1 1
1055 1 1 1
395 0.5 73 41

88 1 73 (54) 26

utility of quantum computing for industrial applications, actual runtimes must be obtained, not just gate complexities
or asymptotic scaling analyses. The accurate evaluation of runtimes, however, is a complex task for which many
aspects must be considered. First of all, runtime estimates are developed at the focal point of not only quantum
algorithms and compilation but also quantum error correction and quantum system design. Suddenly, features like
the code threshold, code distance, and logical error rate come into play, along with essential questions about qubit
connectivity, magic state distillation protocols, and more. In this work, the above considerations are taken into
account, providing a holistic picture for us to present the latest improvements to the electronic structure calculations
of molecular systems on the example of the heme group occurring in cytochrome P450. One such improvement is the
introduction of BLISS-THC, the new state-of-the-art in a chain of cascading advancements in quantum simulation
of molecular systems, and applicable to all quantum architectures. To make BLISS-THC numerically attainable, we
have drastically driven down the runtime of the classical pre-processing of all flavors of THC. Factorizing a single
P450 Hamiltonian with THC currently takes approximately 6 minutes (plus 6 minutes of optimization warm-up) on
a single Nvidia GeForce RTX 4090 consumer-level GPU. As a result, we were able to subject the P450 Hamiltonian
to a much tighter factorization procedure, with BLISS-THC not only improving the Hamiltonian 1-norm but also
the factorization rank of the tensor. Furthermore, we have reduced the classical precompute so much it has become
insignificant compared to prior art. This cancels a big disadvantage of cost function-based methods compared to
diagonalization-based methods like DF.

The most significant contribution to our speedups comes from switching to AV compilation. This mode of running
quantum programs is amenable to only some quantum hardware types, such as the fusion-based photonic architecture.
With some small algorithmic changes, BLISS-THC and AV, we manage to improve the runtime of the electronic
structure calculation by a factor 233x with respect to a reference THC algorithm. This speedup is agnostic to savings
in the code distance, for the account of which we require additional information about the error model. In the scenarios
considered in this paper, the speedup would even jump up to 476x. We have provided runtimes for several sizes of
photonic fusion-based quantum computers, where interleaving is used to trade the runtime against the number of IMs.
Note however that we cannot increase the number of IMs indefinitely. When considering larger numbers of IMs, the
system may encounter additional bottlenecks not examined in this paper, such as the reaction limit [40]. We leave
examination of the high-IM configurations to future work. We also show that qubit tradeoffs for the BLISS-THC
algorithm, which conventionally slows down the computation in the baseline architecture, can sometimes be utilized
to speed it up.

Some improvements in this work not only lower the computational volume, but also reduce the qubit highwater.
With the goal of reducing the wallclock runtime, we have repeatedly converted these space savings into savings of
time by enlarging the workspace of the AV architecture. Thus, every resource saved other than time has been put
back into the device, just so we can have a larger speedup over the algorithms used in prior art. However, perhaps
we should also consider device footprints. Many tradeoffs in this work could be used to fit the electronic structure
calculation on a quantum computer smaller than the baseline architecture required for the reference computation. In
that spirit, we have derived minimal device footprints for computations of a fixed duration, by varying the number
of workspace qubits. Even larger space savings can be achieved by changing the algorithm: the original THC routine
requires a number of auxiliary qubits that exceeds by far the number of qubits necessary to represent the system.
While BLISS-THC gives us an immediate reduction of 299 qubits for P450, we have discovered that more substantial
space reductions of up to a highwater of only 271 qubits increase the AV by only a factor of 3.2x. While we have
shown how this tradeoff could be utilized for runtime reductions, accepting the AV penalty could be reasonable for a
smaller quantum computer.
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This paper certainly does not mark the last round of runtime improvements for electronic structure computations on
a quantum computer. Many promising avenues remain for future speedups. While we have increased the performance
of THC with BLISS and reduced the 1-norm of P450 from 389 Ey, to 130.9 Ey, we have not achieved the theoretical
l-norm limit of 69.3Ey [42]. Other Hamiltonian factorization techniques [31, 32] might, however, get us closer.
Introducing AV is a paradigm shift in algorithmic costing and has led us to change how we think about certain
subroutines. In the future, we expect to be able to make profound modifications to quantum circuits, that reflect an
optimal choice with respect to the new cost model. For instance, the fact that Clifford gates are now a dominant
cost in dataloaders might open a whole new optimization space to be explored. In that spirit, we should also consider
costing subroutines like dataloaders with respect to real data rather than considering their worst-case counts. In fact,
this approach could go far beyond dataloaders: the runtimes of all subroutines might be reduced by making quantum
programs more concrete. What is more, we are currently considering upper bounds on AV of subroutines. A tighter
analysis of AV costs would have an immediate impact on projected runtimes without changes to the algorithms.

We are optimistic that the resource estimates in this work will be improved. To this end, we depend on the
contributions of many disciplines on all levels of the quantum computing stack. The impact of novel developments in
quantum error correction [63—66], for instance, would need to be considered within the cost model. By continuously
improving the cost of this use-case, it is our aim to bring practical quantum computing closer and to contribute to
the path to industrial value.
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Appendix A: Speedups for the electronic structure calculation of FeMoco

The iron-molybdenum cofactor, FeMoco (FezMoSgC), is the active site of nitrogenase, an enzyme playing a crucial
role in the biological reduction of nitrogen to ammonia. This iron-molybdenum cluster presents a significant challenge
for accurate theoretical characterization. Its large size, open-shell electronic configuration requiring a multi-reference
description, and the presence of static correlations make conventional computational methods inadequate [67]. For
these reasons, FeMoco is a perfect candidate for quantum chemical calculations on quantum computers, becoming a
well-known benchmark system in many studies [15, 26, 27]. In this section, we expand the results presented in the
main text with an equivalent analysis for the electronic structure calculation of FeMoco, using the Hamiltonian of Li
et al. [68]. We obtain equivalent versions of Tables I-IV as well as Figure 6 for FeMoco. In Table VIII we report the
factorization rank M together with the errors and the 1-norm for the sampling of the eigenspectrum of the FeMoco
Hamiltonian. In blue, we highlight the selected factorization which gives the best performance for the target error.
Results to the finite-bit analysis of N and 3, are presented as a heatmap in Figure 9. Logical resource estimates,
as well as speedups are presented in Tables IX and X, where we compare against the re-estimated resources of two
factorized Hamiltonians: the original THC version of [26] and the partially symmetry-shifted THC* version of [33],
finding a speedup of 427x and 278X, respectively. A brief summary of all previous and current factorization attempts
to the Li Hamiltonian are collated in Table VII.
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FIG. 9. Heat map of the CCSD(T) correlation energy error calculated with the uncompressed Hamiltonian and the BLISS-
THC compressed Hamiltonian as a function of fixed point precisions X and 3. The star indicates the final selected combination
(X,3) = (15,16). For comparison, Lee et al. found a tuple of (X,3J) = (10,18) with respect to our definition of J, however,
we believe their report neglected the preparation of 1-body terms, which would have changed the CCSD(T) correlation energy
error landscape of both X and 3.

Appendix B: Error metrics and rounding procedure for approximate tensors

This section describes the algorithm performance model used to choose all algorithm parameters. The overall target
accuracy e is taken to be 0.0016 Hartree (chemical accuracy) for all of the resource estimates in this manuscript. To
achieve this target, we consider the total errors given by the sum of the quantum phase estimation error epga and
Hamiltonian approximation error etyc,

€ 2> €pEA T €THC- (B1)

Here, epga is the error due to measurement in the phase estimation procedure, including, for instance, spectral
leakage effects. In contrast, ergc corresponds to the total approximation and compilation error that arises from
directly implementing the THC Hamiltonian on the quantum computer. Note that this error may be bounded as

€THC < €trunc. T €coeff + €rot, (BQ)

TABLE VII. Logical qubit requirements, Toffoli counts, Active Volume, as well as the 1-norm for electronic structure calculations
of FeMoco in a (113e, 760) active space configuration defined with respect to Sparse, symmetry-shifted Double Factorization
(DF*), Tensor Hypercontraction (THC), symmetry-shifted Tensor Hypercontraction (THC*) and BLISS-THC. The Toffoli
count of the symmetry-shifted versions of DF and THC (denoted as DF* and THC*) account for the qubitization block
encoding cost multiplied by the the total number of repetitions required for the QPE algorithm, taken from Table II in [33].
Note that BLISS-THC approaches 108.9 Eh, the theoretical 1-norm limit for FeMoco [42], also to within a factor of 2.

FeMoco (113e, 760)

Factorization Logical qubits Toffolis  Active Volume \ (Ey)
Sparse [26] 2,489 4,4x10™ — 1547.3
DF* [33] 6,402 3.2x10% — 582.4
THC [26] 2,196 3.2x10" — 1201.5
THC* [33] 2,194 2.1x101° — 781.8
THC [re-estimated for this work] 2,163 3.2x10% 8.8 x 10'2 1201.5
THC* [re-estimated for this work] 2,163 2.1x101° 5.7 x 10*2 781.8

BLISS-THC [this work] 1,512 4.3x10° 8.4 x 10" 198.9
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TABLE VIII. FeMoco BLISS-THC results as a function of factorization rank M, ¢2 error norm, CCSD(T) correlation energy
error, and 1-norm. We ultimately choose the THC rank M = 290 (highlighted in blue) due its CCSD(T) correlation error being
below the threshold of 0.3 mEy. The CCSD(T) calculation uses a high-spin (S = 35/2) reference using UCCSD(T) in PySCF.
For reference, the THC rank M reported in [26] was equal to 450.

Rank f2-error CCSD(T) 1l-norm
M (En) error (mEn) (En)

250 0.146 —0.87 197.9
270 0.112 0.61 198.7
290  0.086 —0.26 198.9
310  0.068 —0.48 198.8
330  0.057 —0.26 199.0
350  0.045 —0.21 198.9
370 0.039 0.09 199.0
390  0.035 0.07 202.3
410  0.030 0.16 200.7
430  0.025 —0.20 200.8
450  0.022 0.21 202.5

TABLE IX. Toffoli count, number of memory qubits, and circuit/Active Volume for the electronic structure calculation of
FeMoco with respect to the Select circuit of [26] and our modified Select in Figure 1, as well as the choice between the THC
Hamiltonian of [26], the THC* Hamiltonian of [33] and novel BLISS-THC Hamiltonian. Note that we have effectively re-
estimated the circuit of Lee et al. with respect to the reported ranks, 1-norms, and precision parameters reported in [26] and
[33].

Hamiltonian Circuit mods Toffolis Memory Circuit Volume Active Volume
THC no 31.767 x 10° 2163  274.850 x 10*? 8.762 x 10'2
yes 31.201 x 10° 2163  269.951 x 102 8.392 x 102
THO* no 20.671 x 10° 2163  178.841 x 10*? 5.701 x 10'2
yes 20.302 x 10° 2163  175.654 x 102 5.460 x 10*2
no 4.375 x 10° 1589  27.809 x 102 0.888 x 102
BLISS-THC yes 4.282 % 10° 1512 25.895 x 10'2 0.837 x 102

where €yunc. 18 the truncation error based on the BLISS-THC factorization procedure with a maximum tensor rank,
€coeff 1s the error that arises from coherent Alias Sampling based on implementing the BLISS-THC Hamiltonian
coefficients, (., with a finite-bit representation, and €. is the approximation error that arises from implementing
the individual Givens rotations needed for xJ.

While strict analytical bounds on the truncation error, coefficient error, and rotation error may be used to estimate
eTHC, these bounds are often quite loose. To circumvent this, we use the procedure that was initially proposed by Lee
et al., where we reconsider the purpose of the quantum phase estimation algorithm as providing an energy estimate
of the correlation energy, Fcor, defined by the standard ground-state energy Eq decomposition, Eqc = Fgr + Feorr,
where Fyp is the Hartree-Fock energy, which can be computed with floating point (64-bit) precision classically. This
is quite different from the standard assumption where QPE is considered to provide an estimate of the ground-state
energy Fqg with absolute accuracy. Ultimately, this change in mindset relaxes the stringent requirements for the THC
rank or bits of precision that would have been necessary otherwise.

The main challenge with this approach lies in having a reliable assessment of the correlation energy error, which now
becomes the proper error metric for ergc. In previous work, Lee et al. [26] proposed estimating this error with two
separate coupled-cluster calculations with singles, doubles, and perturbative triples (i.e., CCSD(T)). The proposed
use of CCSD(T) is due to its broadly recognized status as the “gold standard” for computational chemistry. It provides
sufficient scalability for large system sizes while preserving size extensivity. In this work, we advocate for CCSD(T)
as a scalable approach for providing correlation energy error estimates for the BLISS-THC tensors. Furthermore, we
provide numerical validation of the CCSD(T) correlation energy error metric based on DMRG calculations, which we
discuss in the results section in greater detail.
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TABLE X. Contributions to the speedup of the electronic structure calculation for the Li et al. Hamiltonian of FeMoco [68],
as compared to both, the THC-based calculation [26], as well as the symmetry-shifted THC* [33], on a baseline architecture
defined in Section IV.The three steps, 1) Active Volume compilation, 2) the incorporation of BLISS, and 3) improvements to
the block encoding circuit, are done in sequence while adding logical qubits saved in the memory to the workspace. The partial
speedups reported are improvements to the runtime with respect to the previous step. Multiplying the individual improvements
hence results in the total speedup, up to rounding errors: all numbers in this table are rounded down, but the total speedup is
computed with the exact estimates.

Speedup w.r.t.

Method [26] [33]
AV compilation 31.36x  31.36x%
THC — BLISS-THC 12.48x 8.12x
Circuit improvements 1.09x 1.09x
Total: 427.42x  278.11x

Numerical evaluation of error metrics. In the following, we provide explicit details on how the BLISS-THC Hamil-
tonian error metric is computed, considering both rank truncation and bit precision effects. As mentioned in the pre-
vious paragraph, we first bound the BLISS-THC Hamiltonian approximation error by the absolute difference between
two CCSD(T) calculations,

ernc > |Eccsp(r)(exact) — Eccsper) (M, R, 3], (B3)

where Eccgp(r)(exact) corresponds to the correlation energy estimate based on an exact implementation of the 1-body
and 2-body integrals with full floating point (64-bit) precision, while Eccsp () (M, R, ) corresponds to the correlation
energy estimate based on the reconstructed 1-body and 2-body integrals. The 1-body integrals are reconstructed based
on the standard eigen-decomposition of the 1), matrix, while the 2-body integrals are reconstructed based on the
]ABLISS—THC expansion with finite rank, M. Finite bit precision requirements are also imposed onto coefficients ¢y,
Cuv and the rotation angles needed to implement the unitary implementation of xJ and eigenvectors of Tp,. The

parameters R and J indicate the finite bit precision parameters. Explicitly, the rounding procedure for ¢ is given by,

E _ ud x round(@“,/ug +z) for p#v (B1)
" u‘g X round(CW/u‘é +x) forp=v

where ug = S\THC/(D2N) and ug = S\THC/(OQN_Q) with 9 = M(M +1)/2+ N/2, and z is a small constant that is used
to ensure the proper normalization ZW [26]. In this work, we parameterize the rotation vector x% by the set of angles

~{9M,};)V=/(2f2 defined as,

cos(2m0,,;,) ] sin(2760,,) forp < N/2-1

. q<p
XS[M =\ V22 )
[ sin(276,4) forp=N/2 1.
q=0
with
gup = Ug X round(@up/ue)a (BG)

where ug =1/ 2=1+1 meaning the angles are defined with 3+ 1 bits of precision. However, we can always set the most
significant bit to zero, i.e. restrict the angles to [0, 7). This parametrization corresponds to the standard Euclidean
space mapping of a multidimensional spherical coordinate system. The absolute value of all x} can be set with angles
in the range of [0, 7/2] where all sines and cosines are positive. The larger range of [0, 7] allows cosines to be negative,
and so all x4 for p < N/2 — 1 may acquire a sign. The only coordinate that would need the full range of [0,27) to
be negative is x’]([ /210 and as we can remove a global minus sign we can always choose X’f\, /21 to be positive. With
a similar argument, we can exclude the point 7 in the range [0,7). This parametrization is a departure from the
definitions in prior art [26, 27]. Due to that and another factor of two, our definition of J differs from the one in Lee
et al. by Jree = Jhere + 2. Eq. (B5) can then be used to build an approximate representation of the 1-body and
2-body integrals, and the correlation energy Eccsp(r)(M,R,3) computed.
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Appendix C: DMRG results for P450

To validate the BLISS-THC truncation parameters, density matrix renormalization group (DMRG) calculations
were performed using Block2 based on the reconstructed 1-body and 2-body integrals [60]. Results are shown in
Table XI, highlighting the Hartree-Fock ground-state energy contribution, CCSD(T) correlation energy, and DMRG
correlation energy in the last column using a bond dimension of 1500. Interestingly, while the Hartree-Fock energy
contribution, and hence the absolute energy, is observed to change up to 0.77 Ey, in one of the two cases, the correlation
energy error computed with both CCSD(T) and DMRG methods remains below the 0.3mEj; threshold for both
truncation parameter settings.

TABLE XI. Breakdown of ¢y error, Hartree-Fock energy, CCSD(T) correlation energy, and DMRG correlation energy for
reference P450 active space integrals as well as reconstructed integrals based on (M,N,3) = (160,11,14) and (M,R,J) =
(160,13, 13) truncation parameter settings.

lr-error  Eronr FEccsp(r) — Erour Epmrc — Eronr

Hamiltonian (En) (En) (En) (En)
Reference - -419.40807 -0.44864 -0.45003
M=160, (N, 3)=(11,14) 0.207 -418.64088 -0.44866 -0.44993
M=160, (X,3)=(13,13) 0.202 -419.03084 -0.44872 -0.44995

Appendix D: Unary encoding

A modification of Select sees some internal data be converted from binary to unary. In the registers by and by, the
numbers u are encoded as binary numbers, i.e. with |u) we mean

[1) = [tse1) @ - @ |p1) @ |po)

for a register with s qubits, and with bit values p, € {0,1} such that pu = Z;:[)l 11:2%.  There is a quantum
circuit that, considering a fresh register with 2 4 1 qubits in |0) achieves an out-of-place conversion of y into unary:
|1)]0) — |u)[2#T1),) where [2¢T1) is a bit string where only the (u + 1)-th (least significant) qubit is in |1), the
other qubits are in |0), i.e. |00010) for = 1. In Select, we can use the binary-to-unary conversion for the registers
b;: shifting the dataloaders from a binary b; register to the respective entangled unary register allows us to nullify
the circuit’s magic state cost. This allows us to combine the binary-to-unary conversion with batching, as depicted
in Figure 10. The caveat is that the binary-to-unary conversion circuit has roughly the magic state cost of one
dataloader. However, with a maximum of 2% +1 = M + N/2 = 218 qubits, hundreds of auxiliary qubits can be saved
with batching. A subselect circuit, along with binary-to-unary conversion circuits and unary dataloading, is depicted
in Figure 10. Unfortunately, it turns out that, in the AV world, the unary encoding version of Select is not more
effective than Select of BLISS-THC-b, as is illustrated in Figure 11. While the AV costs of the algorithm are decent,
the unary datapoints in the figure (corresponding to various batch sizes after the unary conversion) lie strictly above
the curve defined by the BLISS-THC-b algorithm. If unary did not have the overhead of M + N/2 qubits, the points
would be shifted past the curve to the left. Perhaps, future work will address these shortcomings by hybridizing unary
and binary encodings.

Appendix E: Block Encoding of the Hamiltonian

In this section, we prove the block encoding property in Eq. (24), using the Select circuit of Figure 1 and justify
the choice for the coefficients ¢, in Eq. (26). Let us consider the state

M v
[A1) = [1)a Z Z A/ ‘Z/w |M>bo|V>b1|O>i|5M,V>C|Sign(ZW)>m|O>X‘0>y‘0>z7 (E1)

v=0 pu=0

a p = 1 version of the state |A) in Eq. (25). We now compare the Hamiltonian H' = (A;|Select|A;), encoded in the

quantum computer, to the Hamiltonian to H of Eq. (22). To this end, we compute Select|A) in 4 stages, represented
by the states at the waypoints (A)-(D) in Figure 12. In the first stage, we have apply a Hadamard gate to qubit i
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(b)

(c)

Lo

FIG. 10. Unary encoding in the Select circuit. (a) Selecting the operators UMZOUJ with a unary circuit encoding the index u.
This depiction uses the maximum amount of batching, here primed angles 9;  are chosen such that they write that data 6;; into
a register already dirtied with the values |0; (x—1)). At the beginning, the binary numbers held in the register b; are converted
into unary numbers. The register d is an additional resource, storing the angle. The gates used in this circuit are outlined in
the next panels. (b) Unary version of a multiplexor. Here the data strings 6,5 are written into the lower register when the
k-th qubits of the upper register are set. This circuit is comprised only of Clifford gates. (c¢) Out-of-place binary-to-unary
conversion using left elbows. Performs the operation |k)|0) ~ |k)|2""1), meaning the (k + 1)-th qubit of the second register is
in |1), while the others are in |0). This circuit is very similar to an inverse QRAM: the topmost qubit has been set to |1), and
conditional swap operations move it to the respective position. Using the fact that the lower register starts in the collective |0)
state, one can replace the conditional swaps with left elbows and Cliffords.

and have compute the qubits x, y as well as z, thus separating the cases v = p. Omitting |1), from here on, |A;) has
become

M v—-1

(A): /G| 1230261 161, el sign (G ) m O] )y [ +)-
;}; ‘u I)bo [V)b, [001,0)c [sig |

M
+ \% V; \/@T|I/>bo|l/>b1 100700 elsign (G )| 1 (10)y 1)z + [1)410),) (E2)
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FIG. 11. Active Volume and logic qubit count of the entire algorithm with respect to various degrees of batching, and
distinguished by the version of Select that it uses. Instances in which the binary version of Select, is used are denoted by red
dots, while the blue data points represent instances in which the b; registers have been converted to unary. As an additional
modification, we have turned the QROAM dataloader in the Alias Sampling procedure of Prepare back into a QROM. In this
plot, instances of the binary Select seem much more preferable than the unary Select — the blue datapoints seem to lie above the

curve along which we find the red datapoints. This is happening not for the high AV of the unary circuit but for its overhead
of M + N/2 qubits.

at waypoint (A). In the next stage, the registers by and by are swapped, but only in the subspace reserved for 2-body
operators: the |0) subspace of c. At waypoint (B) the state becomes

M—-1v-—1

@ 753 3/ [Gun] (110l 0h a1 ) 100 csizn G0, 4

v=0 p=0

1 & - A
+ 75 22 V|G| el <|o>y|1>z T |1>y|o>z>

N/2—-1

+ ) \/m|ﬂ>bo|M>b1 )il 1) clsign(Cunn)ymlOb<l )y 1+)2 (E3)
u=0
The following stage applies a Z operator on the sign qubit m, as well as the (modified) subselect operators
SO Iialsy @ loXerly @ (10001 @ Zyo + 1) {1 T (E4)
o op
and
S5 Wl @ 17X © Zr (E5)

where

Zpo=UlZooU, and  T,,=ViZ,V,. (E6)
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At waypoint (C), the state thus becomes

M—-1v-—-1
(C> : \/» Z Z C;,Ll/ (|,U/ bol b1|0>iZV,TZM,U + |V>bo|ﬂ>b1|1>iZM,TZl’70’> ‘0>CZm|Sign(ZHV>>m|O>X|U>Y|T>Z
v=0 p=0
]VI 1
# 5 3 [ 9 s 1000 Zilsgn Gl (o> 0220 Zos + 1)y100:Z s Zs ,i)
) N/2—1 — R B N
Y \/\@M\|u>bo\M>b1|+>i|1>czm|sign<<uM>>m|o>x (o>yTu,¢+|1>yTu,¢) s (E7)
pn=0

In the last stage, we undo the swap of the second stage, flip qubit m and uncompute i, x, y and z. Using that
H|z) = 2-1/2 >, (=1)™|y) for bits z,y € {0,1}, the state at waypoint (D) is

M—-1v—1
GIEEED S5 D DRV A Z Wbt <<1>ZZ+ZZ) 10)e Zum Sign(Goun ) m 0 (—1)27 7 [}y |2

zyzuOuO

i1 ZZ 6o [ 92010 01100 Zi s G ( ZusZog + (1B 2o ) 10l 0
Yy
N/2 1

+ Z Z |G| 10 [A)0, 101 1)e Zosign (G ) e <m+( 1)@/%) 10)xly)y10): (E8)

Multiplying this state from the left-hand side with (A]- finally gives us

N/2 1

Z ZC}LVZZVTZH7 + = ZQ‘VVZZVUZVU_F* Z Ck:M ZTko7

n=0 v#p oT

where & the flipped version of ¢. This is the Hamiltonian we have encoded, while the Hamiltonian we were aiming to
encode is

M— N/2 1
f[;;;f ZZ]/TZIL{T+ Zguvzzuazuoff kzo tk ZTkU’ (Eg)

where constant terms were eliminated with respect to Eq. (22). We thus choose Z;w as in Eq. (26).



—Hi
e N N N G o R (A)
- - ®
-- Py ©
— i
i AL S

FIG. 12. Select in Figure 1 divided into sections with the waypoints (A), (B), (C) and (D).
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